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We characterize the phase-space of all Helical Miura Origami. These structures are obtained by
taking a partially folded Miura parallelogram as the unit cell, applying a generic helical or rod
group to the cell, and characterizing all the parameters that lead to a globally compatible origami
structure. When such compatibility is achieved, the result is cylindrical-type origami that can be
manufactured from a suitably designed flat tessellation and “rolled-up” by a rigidly foldable motion
into a cylinder. We find that the closed Helical Miura Origami are generically rigid to deformations
that preserve cylindrical symmetry, but multistable. We are inspired by the ways atomic structures
deform [1] to develop two broad strategies for reconfigurability: motion by slip, which involves
relaxing the closure condition; and motion by phase transformation, which exploits multistability.
Taken together, these results provide a comprehensive description of the phase-space of cylindrical
origami, as well as quantitative design guidance for their use as actuators or metamaterials that
exploit twist, axial extension, radial expansion, and symmetry.
PACS numbers:
Origami is the ancient Japanese art of paper folding.
In recent years, this art form has been appreciated not
only for its aesthetics [40], but also for its potential func-
tionality [2]—including in space technologies [3, 4], trans-
forming architectures [5, 6], multistability and topologi-
cal properties [7–9], biological structures [10–12], deploy-
able antennas [13, 14], metamaterials [15–17], and me-
chanical properties [18–20]. Origami design utilizes the
shape change induced by piecewise affine isometric defor-
mations (i.e., folding along creases)—from, say, an easy-
to-manufacture flat reference sheet with a pre-designed
folding crease pattern—to achieve a desired configura-
tion in 3-D space. We call such designs rigidly foldable
if each panel can rotate along the folding crease lines
and remain rigid (without stretch or flexure) during the
folding process. The classical Miura origami pattern [21]
is the simplest example of this type, and its generaliza-
tions lead to the study of systems of equations that are
highly nonlinear and geometrically constrained. As a re-
sult, characterizing global properties of broad classes of
origami structures—such as whether they are rigid, mul-
tistable or rigidly foldable—is a challenge that has at-
tracted significant research interest. One way to study
this problem is by using iterative algorithms that enforce
a certain topology and foldability [20, 22–24]. Another
approach is to focus on patterns consistent with a certain
symmetry.
In this work, we follow the symmetry approach to char-
acterize, in a quite general way, Helical Miura Origami
(HMO). These are cylindrical type origami obtained by
repeated application of a helical or rod group to a par-
tially folded unit cell, which we call a Miura parallelo-
gram. In this procedure, the parameters are kept com-
pletely general and on full display, and we are able to
address the global problem of closing the cylinder by a
straightforward numerical algorithm. In group theory
language “closing the cylinder” is ensuring the group is
discrete. As a result, we can completely characterize
the phase-space of all HMO, i.e., all cylindrical origami
consistent with helical or rod symmetry and the Miura
parallelogram as the unit cell. By exhaustive numeri-
cal treatment, we find that HMO are generically rigid
to deformations that preserve cylindrical symmetry, but
multistable. This rigidity is not all that surprising; the
well-known cylindrical origami are either rigid (for ex-
ample the Yoshimura pattern [25, 26], Kresling pattern
[27]) or they lose the cylindrical symmetry while folding
[28]. Nevertheless, we show that reconfigurability can be
achieved. Inspired by atomistic theory, we discuss two
strategies for doing so: one involving motion by slip and
the other involving phase transformation.
Characterization of a Miura parallelogram. We
begin by analyzing the kinematics of a parallelogram
with a four-fold vertex satisfying the Kawasaki’s con-
dition: “opposite sector angles sum to pi”. This de-
fines a Miura parallelogram unit cell (Fig. 1(a)) with
∠x1x0x2 +∠x4x0x3 = pi, where 0 < ∠xixjxk < pi is the
angle between xk−xj and xi−xj [41]. To characterize an
isometric (piecewise rigid) folding of this crease pattern,
we fix one of the panels by setting y(xi) = xi, i = 0, 1, 2,
without loss of generality. In our notation y(x) repre-
sents the deformation from the flat state in Lagrangian
form (see the Supplement). The kinematics of this pat-
tern (i.e., its deformation gradients) are then described
by a composition of 3×3 rotation matrices Ri(γi) whose
axes are tangent to the crease pattern xi−x0 in flat state
[42]. Specifically, the necessary and sufficient condition
for isometric origami is
R1(γ1)R(γ2)R3(γ3)R4(γ4) = I. (1)
Note, the solutions of this equation describe a folding
where panels deform as depicted in Fig. 1(a-b). Further,
a positive folding angle describes a valley and a negative
a mountain here (red and blue, respectively, in Fig. 1(b)).
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2By solving (1), we derive the full kinematics of the
Miura parallelogram. Generically, the solutions are de-
scribed by a continuous one-parameter family for which
the four folding angles (γ1, γ2, γ3, γ4) are given by the
following expression:
γ1 = −σγ¯σ3 (ω), γ2 = σω, γ3 = γ¯σ3 (ω), γ4 = ω,
γ¯σ3 (ω) = sign
(
(cα − σcβ)ω
)
arccos
(
(σ1−cαcβ)cω+sαsβ
(σ1−cαcβ)+sαsβcω
)
,
σ ∈ A =

∅ if α = β = pi2
{−} if α = β 6= pi2
{+} if α = pi − β 6= pi2
{±} otherwise.
(2)
Here, σ ∈ A denotes one of the (at most) two branches
of solutions corresponding to different mountain-valley
crease assignments, the folding angles are parameter-
ized by −pi ≤ ω ≤ pi, and we employ the shorthand
notation cθ = cos(θ), sθ = sin(θ), α = ∠x1x0x2 and
β = ∠x2x0x3. In addition to this generic family, there is
a degenerate family of solutions for certain Miura paral-
lelograms; specifically, those characterized by a solution
branch σ = + or − that does not belong to A. These
cases describe folding-in-half along a single crease:{
γ1,3 = 0, γ2,4 = ω if σ = +, α = β
γ1,3 = ω, γ2,4 = 0 if σ = −, α = pi − β
(3)
for the folding parameter −pi ≤ ω ≤ pi. We provide a
brief derivation of these results in the Supplement, and
this viewpoint of the kinematics of origami is further de-
veloped in [22].
The folding angle parameterizations (2) and (3) are
sufficient and (with a minor caveat [43]) necessary for
solving (1) and, as such, completely characterize the fold-
ing of a Miura parallelogram. Importantly, the parame-
terizations highlight two universal features of kinematics:
There are two branches of solutions σ = ± correspond-
ing to the different mountain-valley crease assignments,
and each branch is described by a single folding param-
eter ω. Accordingly, the explicit folding deformation is
a continuous piecewise rigid deformation yσω : Ω → R3
with deformation gradients as shown in Fig. 1(a) for
γ1,2,3,4 ≡ γ1,2,3,4(ω, σ) satisfying one of the parameter-
izations in (2-3). This furnishes the deformed unit cell
yσω(Ω) with corner positions yi = y
σ
ω(xi), i = 1, 2, 3, 4
after folding [44]. These observations are known in a dif-
ferent way in the literature on origami, but it will be
important for our purposes to write the deformation ex-
plicitly.
To construct the HMO, we will apply rotations and
translations to yσω(Ω) that map one side of the deformed
unit cell to its opposite side. Thus, as a final point of
characterization for the unit cell, we require the paral-
lelogram condition to hold (i.e., |x4 − x3| = |x1 − x2|
FIG. 1: The folding kinematics of Miura parallelograms. (a)
The crease pattern prior to folding. (b) The kinematics are
described by a deformation yσω(Ω) whose gradients are as de-
picted, i.e., rotations of the panels along the creases that are
subject to the compatibility condition (1). (c) There are ex-
actly two continuous one parameter families which take the
Miura parallelogram from flat (ω = 0) to folded flat (ω = ±pi)
as rigidly foldable origami. The two branches correspond
to distinct mountain-valley assignments, as indicated with
σ = ±.
and |x1 − x4| = |x2 − x3|). This condition, combined
with Kawasaki’s condition, constrains the four creases
xi − x0. We parameterize these two conditions up to a
trivial rescaling, rotation and translation as follows: We
assume |x2 − x1| = |x4 − x3| = 1 without loss of gener-
ality [45], and we introduce the angle between x2 − x1
and x4 − x1 as η (where 0 < η < pi), and the length
|x4 − x1| = |x3 − x2| = l > 0. This completely param-
eterizes the boundary of the parallelogram (Fig. 2(a)).
Additionally, we show in the Supplement that the creases
satisfy Kawasaki’s condition if and only if the vertex x0
lies on one of two curves in the interior of the parallelo-
gram pictured in red in Fig. 2 These curves are parame-
terized as follows.
(i). Case l > 1: The two curves are given by x0(λ) =
x1 +λ(x2−x1) + f±(λ)(x4−x1), where 0 < λ < 1
and the two functions f± satisfy
f±(λ) =
1
2
±
√
1
l2
(
λ− 1
2
)2
+
1
l2
l2 − 1
4
. (4)
(ii). Case l < 1: The two curves are given by x0(λ) =
x1 +λ(x4−x1) + g±(λ)(x2−x1), where 0 < λ < 1
and the two functions g± satisfy
g±(λ) =
1
2
±
√
l2
(
λ− 1
2
)2
+
1− l2
4
. (5)
3FIG. 2: The reference geometry of a Miura parallelogram. (a)
The boundary of the parallelogram is parameterized by η and
l (up to a uniform rescaling). (b-d) The admissible curves on
which the interior vertex satisfies Kawasaki’s condition are
shown in red. There are three cases, each parameterized by a
λ taking values in the interval (0, 1).
(iii). Case l = 1: The two curves are given by x0(λ) =
λx2 + (1 − λ)x4 and x0(λ) = λx1 + (1 − λ)x3 for
0 < λ < 1.
As there is an underlying reflection symmetry to this ge-
ometry of these curves, we are free to restrict our atten-
tion to either the + or − case in (i-iii) without loss of
generality. This fully defines the crease pattern.
To summarize, the parameters (η, l, λ, ω, σ) given
above completely characterize all possible Miura parallel-
ograms—up to trivial rescaling, translation, overall rigid
rotation, and reflection—and all possible ways of folding
origami using these parallelograms.
HMO are objective structures. We now define
precisely what it means for a structure to be HMO, and
we discuss the implications of this definition as it relates
to characterizing all such structures. The line of thinking
here is based on a systematic and complete characteriza-
tion of helical and rod symmetry that we developed for
an analogous problem: describing all possible phases in
nanotubes [1]. To avoid being redundant, we simply bor-
row (and state without proof) many ideas from this work
that are used in the constructions here.
Briefly, we define an HMO as any compatible origami
structure obtained by a suitable group action G (see be-
low) on the partially folded Miura parallelogram yσω(Ω).
The groups we consider are discrete, Abelian (i.e., the el-
ements commute), contain only isometries, and have an
orbit {g(x) : g ∈ G} for each point x ∈ R3 that gives
a collection of points that all lie on a cylinder. (The
cylinders can be different for different choices of x.) This
means that every Miura parallelogram in the structure
“sees the same environment” [29], which is the natural
generalization of periodicity to cylindrical origami.
An isometry is simply a map g = (R|c) defined by
g(x) = Rx + c, where R is a 3 × 3 orthogonal matrix
and c ∈ R3. Below, we use O(3) to denote the 3 × 3
orthogonal matrices, and SO(3) to denote rotations (i.e.,
the subset of O(3) with determinant +1). One can mul-
tiply isometries g1 = (R1|c1) and g2 = (R2|c2) using
the standard rule g1g2 = (R1R2|c1 +R1c2). Under this
rule, the collection of all isometries is a group, and it
has many subgroups. Thus, one might worry that the
aforementioned—and rather general—family of groups
lacks meaningful structure. Strikingly though (and this
is made precise in [1]), discrete and Abelian isometry
groups subject to the stated cylinder condition are quite
restrictive. They must be described as the product of
powers of two generators on the set of pairs of integers
Z2, i.e.,
G = {gp1gq2 : (p, q) ∈ Z2}, (6)
in which the generators of the group g1 and g2 are two
screw isometries
gi = (Rθi |τie+ (I−Rθi)z), i = 1, 2, (7)
with parameters Rθi ∈ SO(3), −pi < θi ≤ pi, τi ∈ R,
e ∈ R3, |e| = 1, and z ∈ R3, z · e = 0 characterizing the
rotation, rotation angle, translation, rotation axis and
origin of the isometry, respectively. These parameters
are subject to a discreteness condition{
p?τ1 + q
?τ2 = 0
p?θ1 + q
?θ2 = 2pi
(8)
for some pair of integers (p?, q?) ∈ Z2. Technically, we
should also enforce τ21 + τ
2
2 > 0, as the violation of this
condition results in a flattened ring rather than a cylin-
der. However, we avoid this restriction since the flattened
ring is of technological interest: the folded flat portion of
the Kresling pattern in Fig. 7(d) is one example.
Finally, we should point out the groups G in (6) are not
uniquely described by a single parameterization satisfy-
ing (7-8). This should not be unexpected. In periodic
structures, there are many equivalent choices of lattice
vectors which generate the same lattice. In fact, the de-
generacy here—much like the 2-D lattice—is fully charac-
terized by a µ ∈ GL(Z2). Here, GL(Z2) is the set of 2×2
matrices with integer entries and determinant ±1. That
is, for any group G satisfying (6-8), we can replace the pa-
rameters by a linear transformation (θ1, θ2) 7→ µ(θ1, θ2),
(τ1, τ2) 7→ µ(τ1, τ2), and (p?, q?) 7→ µ−T (p?, q?) and gen-
erate the same structure (i.e., G = Gµ) if µ ∈ GL(Z2).
Thus, the aim in what follows is to characterize the
sets of parameters (η, l, λ, ω, σ, θ1,2, τ1,2, e, z, p
?, q?) (up
to this trivial degeneracy µ ∈ GL(Z2)) that lead to a
4fully compatible cylindrical origami structure. This then
captures the phase-space of all HMO.
Design equations for HMO. These are obtained
systematically by satisfying all compatibility conditions,
i.e., the conditions under which the folded tiles of the
structure fit together perfectly without gaps. For de-
veloping these ideas, we find it convenient to introduce
the tessellation T Ω = {g(Ω): g ∈ T } for the translation
group T = {tp1tq2 : (p, q) ∈ Z2} such that t1 = (I|x1 − x4)
and t2 = (I|x2 − x1). Since
t1(x4) = x1, t2(x3) = x2,
t2(x1) = x2, t2(x4) = x3,
(9)
this gives a tessellated plane in R3 of Miura parallelo-
grams prior to folding. Suitably defined strips of this
tessellation will be used to construct the HMO from this
easy-to-manufacture flat state (e.g., Fig 3).
We begin with local compatibility : Consider a partially
folded Miura parallelogram yσω(Ω) with it corners de-
noted as yi, i = 1, 2, 3, 4 (Fig. 1(a)), consider a group
G satisfying (6-8), and consider the structure Gyσω(Ω) =
{gp1gq2(yσω(Ω)) : (p, q) ∈ Z2}. The nearest neighbors to
yσω(Ω) on the structure are, therefore, obtained by the ap-
plication of group elements to this domain. Without loss
of generality [46], we assume the neighbor to the“left” of
the unit cell is g1(y
σ
ω(Ω)) and the neighbor “above” the
unit cell is g2(y
σ
ω(Ω)). Then, one condition of compati-
bility is that the unit cell is connected to its neighbors;
particularly, to its neighbor on the left along the line
`23 = {δy2 +(1−δ)y3 : 0 ≤ δ ≤ 1} and to its neighbor up
above along the line `12 = {δy1 + (1− δ)y2 : 0 ≤ δ ≤ 1}.
This gives four restrictions on the group elements:
g1(y4) = y1, g1(y3) = y2,
g2(y1) = y2, g2(y4) = y3,
(10)
which we term local compatibility.
The reason for the terminology is that (10) is a dis-
crete and symmetry-related version of the local curl-free
and jump compatibility conditions that indicate whether
a prescribed deformation gradient can describe a contin-
uous deformation on a simply connected domain. Indeed,
g1 and g2 are commutative (i.e., g1g2 = g2g1) under the
multiplication rule g1g2(x) = g1(g2(x)). This means that
g1 and g2 satisfy the loop condition g1g2(yi) = g2g1(yi).
As a result, the four nearest neighbor Miura parallelo-
grams yσω(Ω), g1(y
σ
ω(Ω)), g2(y
σ
ω(Ω)) and g1g2(y
σ
ω(Ω)) =
g2g1(y
σ
ω(Ω)) fit together automatically whenever (10)
holds. Combining (9) and (10), it then follows that the
induced deformation given by
y(tp1t
q
2(x)) = g
p
1g
q
2(y
σ
ω(x)), ∀ x ∈ Ω, (p, q) ∈ Z2 (11)
is a continuous isometric origami deformation that maps
the tessellated plane to the origami structure. This is the
key advantage of bringing out the group structure: sim-
ply solve the four equations (10), and the entire structure
fits together perfectly without gaps (11).
In the Supplement, we solve the conditions of local
compatibility (10) explicitly. To explain the parameter-
ization obtained, we assume the Miura parallelogram is
partially folded (i.e., −pi < ω < pi and ω 6= 0), and we
let the side length vectors be given by ua = y3 − y4,
ub = y2 − y1, va = y1 − y4 and vb = y2 − y3. We
can then always define the right-hand orthonormal frame
{f1, f2, f3},
f1 =
ua + ub
|ua + ub| , f2 =
ua × ub
|ua × ub| , f3 =
ua − ub
|ua − ub| (12)
(since ω 6= 0,±pi implies ua×ub 6= 0). The necessary and
sufficient conditions for local compatibility in this setting
are thus
e ≡ eσ(ω, ϕ) = cϕf1 + sϕf2,
θ1 ≡ θσ1 (ω, ϕ) = sign(e · (ua × ub)) arccos
(ua ·Peub
|Peua|2
)
,
θ2 ≡ θσ2 (ω, ϕ) = sign(e · (va × vb)) arccos
(va ·Pevb
|Peva|2
)
,
τ1 ≡ τσ1 (ω, ϕ) = e · va, τ2 ≡ τσ2 (ω, ϕ) = e · ua,
z ≡ zσ(ω, ϕ) = (I−Rθ1 + e⊗ e)−1Pe(y2 −Rθ1y3),
(13)
where Pe = I − e ⊗ e denotes the linear transformation
that projects vectors onto the plane with normal e and
the angle −pi/2 < ϕ ≤ pi/2 (describing the axis e) is a
free parameter [47]. For completeness, note that the fully
folded cases ω = ±pi and fully unfolded case ω = 0 are of
course included (see the Supplement). For definiteness,
we will focus on the solutions governed by (13). Examples
of the exceptional cases are fully degenerate cylinders
(ω = 0) or flattened ring structures (ω = pi).
Importantly, the corners yi, i = 1, 2, 3, 4 (and thereby
ua,b,va,b, and f1,2,3 above) depend only on the folding pa-
rameter ω and the mountain-valley assignment σ. Con-
sequently, after satisfying local compatibility, the kine-
matic freedom in (13) is −pi < ω < pi, ω 6= 0, −pi/2 <
ϕ ≤ pi/2 and σ = ±. We utilize this freedom to solve the
discreteness condition (8). This, in turn, is equivalent to
closing the cylinder ; see Fig. 3.
Indeed, given integers (p?, q?), not both zero, we ob-
serve that the discreteness condition (i.e., p?τ1+q
?τ2 = 0)
uniquely determines the angle ϕ under the parameteri-
zation (13). The explicit form is
ϕ ≡ ϕσ? (ω) = arctan
(−f1 · (p?va + q?ua)
f2 · (p?va + q?ua)
)
. (14)
(Note, ϕ ≡ ϕσ? (ω) = pi/2 if f2 · (p?va + q?ua) = 0, and
p?va+q
?ua is never parallel to f3 for −pi < ω < pi, ω 6= 0.
So the parameterization is always well-defined.) We then
substitute (14) into (13), to get the final form of the
5x1
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A(a) (b)
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! = 0 ! = ! ?
FIG. 3: Constructing an HMO from a flat tessellation. (a) Each HMO is characterized by a chiral vector Ch =
−−→
OA =
p?a1 + q
?a2, which is a linear combination of the side length vectors a1 = x2 − x1 and a2 = x4 − x1. This describes a (p?, q?)
building block for the structure. (b-c) In extending this building block to a tessellated strip in the “vertical” (b) or “horizontal”
(c) direction, an HMO structure is achieved by a rigidly foldable motion that connects the points O and A at ω = ωσ? (i.e., the
angle(s) solving (15)).
discreteness condition,
p?θσ1 (ω, ϕ
σ
? (ω)) + q
?θσ2 (ω, ϕ
σ
? (ω)) = 2pi (15)
which is to be solved for ω. This we evaluate numerically
by cycling through the folding parameter ω 6= 0,−pi <
ω < pi. The solutions then correspond to parameters that
give a HMO structure. Specifically, consider the chiral
vector Ch = p
?a1 + q
?a2 (see Fig. 3(a)), i.e., the widely
used descriptor of chirality in carbon nanotubes [30, 31].
Upon substituting ϕ ≡ ϕσ? (ω) into the group parameters
(13), and using these to generate an origami structure
(11) from the flat tessellation, we make the striking ob-
servation related to Ch: as ω monotonically increases (or
decreases) from zero, the structure is simply “rolling up”
as rigidly foldable origami, with the line traced by Ch
deforming effectively as a singly curved arc. Further, the
points of ω at which O and A connect perfectly during
this rolling up process are exactly the points ω = ωσ?
such that (15) holds. Finally, because of the underlying
symmetry of the group G, the boundaries of a suitable
Ch tessellated strip (Fig. 3(b-c)) connect perfectly if and
only if (15) holds. Thus, (15) is the necessary and suffi-
cient condition on the kinematic parameters for closing
the cylinder and generating a HMO with Ch chirality.
The phase-space of HMO. The design equations
above lead to a comprehensive and explicit recipe to de-
termine all HMO:
1. Fix the reference geometry of the Miura parallelo-
gram and chirality by assigning (η, l, λ) as 0 < η <
pi, l > 0 and 0 < λ < 1, and by assigning a non-zero
pair of integers (p?, q?).
2. Assign the group parameters by the design equa-
tions in (13-14).
3. Cycle through the folding parameter −pi < ω < pi,
ω 6= 0, and solution branch σ = ± to numerically
compute all solutions ω = ωσ? to the final design
equation (15). This closes the cylinder and gener-
ates a HMO with the parameters η, l, λ, p?, q? and
group parameters (13-14) for ω = ωσ? .
4. Cycle through the reference geometry (η, l, λ) and
chirality (p?, q?) in Step 1 and repeat Steps 2 and
3 for each case to determine all HMO structures.
A natural design tool for HMO solutions is to fix the
discreteness (p?, q?) and cycle through reference parame-
ters (η, l, λ) to create a three dimensional phase diagram.
In Fig. 4 below, we present two examples for illustrative
purposes. These describe two-dimensional slices of such
phase diagrams at λ = 1/2 [48]. In the diagrams, the
coloring scheme is in accordance to the number of HMO
configurations (solutions to (15)) for a fixed mountain-
valley assignment (σ = + for the left diagram and − for
the right diagram; Fig. 4(a) and (b), respectively). We
also highlight examples of HMO in each of the respective
regions.
The first phase diagram (Fig. 4(a)) is a generic helical
case in which the discreteness is (p?, q?) = (3, 7). Notice
the reference parameters (l, η, λ) typically furnish a sin-
gle HMO solution for a fixed mountain-valley assignment
(light blue). However, there are regions with no solutions
(purple), and regions of multistability. The σ = − case
is particularly interesting, as it has regions of bistabil-
ity (green), tristability (orange) and quadstability (red).
6Quadstable
Bistable
Tristable
Monostable
(p?, q?, , ) = (3, 7, 0.5,+) (p?, q?, , ) = (3, 7, 0.5, )
(1.2, 0.22,+)(1.5, 0.24, )
(1.01, 0.334, ) (1.167, 0.283, )
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(1.2, 0.325)
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⌘
/⇡
0
0.2
0.4
0.6
0.8
1.0
# Sol.
0.5 1.0 1.5 2.0
⌘
/⇡
0
0.2
0.4
0.6
0.8
1.0
⌘
/⇡
0
0.2
0.4
0.6
0.8
1.0
⌘
/⇡
0
0.2
0.4
0.6
0.8
1.0
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Bistable
(0.8, 0.7,+) (0.8, 0.7, )
(0.275, 0.4,+) (0.275, 0.4, )
Monostable
(1.2, 0.6,+)(1.2, 0.6, )
(b)
l l l l
4
3
2
1
0
(p?, q?, , ) = (8, 0, 0.5,+) (p?, q?, , ) = (8, 0, 0.5, )
Degenerate
(0.5, 1.5)
FIG. 4: Phase diagrams of HMO structures parameterized by the three parameters (l, η, λ) of the Miura parallelogram unit
cell, as well as the mountain-valley assignment σ ∈ {±}. The slices of the phase diagrams displayed are taken at λ = 1/2.
(a) The discreteness is given by (p?, q?) = (3, 7) in this case, and the coloring scheme is in accordance to the number of HMO
solutions: 0 (purple), 1 (light blue), 2 (green), 3 (orange) and 4 (red). The curve in yellow indicates a degenerate HMO that
is achieved for a fully unfolded Miura parallelogram. As such, it is independent of λ since the creases are not being utilized.
Further, it always corresponds to a vertical interface. The examples below the diagrams give HMO in the different regimes of
stability and are parameterized by (l, η, σ), as shown. (b) An example of ring-like structures given by fixing the discreteness
(p?, q?) = (8, 0). The characterization is similar.
This is quite striking: by carefully designing reference pa-
rameters in the multistable regimes, the HMO achieved
by such design can transform from one stable state to
another by stress-induce twist and contraction (or ex-
pansion). As evidenced by the examples, the induced
deformation for such transformation can be quite dra-
matic; for instance, the displayed tristable HMO, when
deformed from its most unfolded state (denoted by fold-
ing parameter ω1) to its most folded state (denoted ω3),
contracts by a factor rω3/rω1 ≈ 0.7 along its radius and
by a factor Lω3/Lω1 ≈ 0.2 along its axial length. It also
experiences ≈ 470 degrees of twist under this transfor-
mation.
The second phase diagram (Fig. 4(b)) is for discrete-
ness (p?, q?) = (8, 0). This characterizes ring-type HMO
described by a closed ring of 8 Miura parallelograms re-
peated along the axis e in a periodic fashion. We again
see that the reference parameters (l, η, λ) typically fur-
nish a single HMO solution for a given mountain-valley
assignment (light blue), but there are also regions of
bistability (green). Interestingly, transformation between
the two stable states in the bistable regime of parameters
induces axial contraction (expansion) and twist, but no
change in the radius. This means that each ring layer
can be transformed independently to form a structure
which is a mixture of the two different HMO states. This
stands in stark contrast to the generic case p?, q? 6= 0,
where the entire structure must fully participate in the
transformation from one state to the other [49].
Importantly, our exhaustive numerical treatment be-
yond these examples suggests there are no parameters for
which HMO structures exhibit rigidly-foldable motions
that preserve helical symmetry. However, large regions
of multistability appear to be ubiquitous.
As a final comment before shifting viewpoints, we note
that one drawback of this design procedure is it does not
7take into account self-intersection: it is actually possible
for the Miura parallelogram yσω(Ω) and one of its neigh-
bors g1,2(y
σ
ω(Ω)) to overlap in an unphysical way at large
values of |ω| and still solve the condition (15). One such
example of self-intersection is the fourth and most folded
configuration (Fig. 4(a), the quadstable case). We did
not exclude self-intersection in the phase diagram, as it
is far too numerically laborious to do so while simultane-
ously exploring large regions of the configuration space.
So this procedure does, in some cases, overestimate the
number of stable HMO states for given set of reference
parameters. Nevertheless, these self-intersecting config-
urations may be relevant—in the sense that, mechanis-
tically, they suggest the possible existence of a stressed
but stable mechanical equilibrium described by a tubular
structure with the panels in direct contact.
Now, an alternative way to view this phase-space is to
fix a tessellated strip and classify all the HMO that can
be obtained from this strip by the “rolling up” process
(Fig. 3). For example, consider the tessellation in the
top-left corner of Fig. 5. This has a width of |q?| = 7
Miura parallelograms that are repeated along the length
the strip. The boundaries of this tessellation can fit to-
gether to form a HMO in different ways; particularly, in
all the ways (p?,±7) for p? ∈ Z that solve the discrete-
ness conditions in (14) and (15). This corresponds to
different points Ai on the boundary that connect to O
on the opposite boundary.
To clarify this viewpoint, we have completely evalu-
ated the phase-space—in this particular sense—for the
tessellation shown in Fig. 3. Strikingly, this tessellation
admits a HMO solution for all (p?,±7) and σ ∈ {±},
meaning that it can be isometrically rolled up to form a
HMO of arbitrary chirality for either choice of mountain-
valley assignment. This is highlighted graphically in Fig.
5. Starting at p? = 0, the solutions for increasing inte-
ger values of |p?| are plotted in the (ω, ϕ) phase-space.
Physically, this integer increase describes a shift in the
structure by one Miura parallelogram along the helical
interface corresponding to the boundary of the tessella-
tion—a process completely encapsulated by a change in
both the folding parameter ω of the Miura parallelogram
and axis orientation ϕ. We find it instructive to elabo-
rate on this diagram in detail, as it is a natural lead-in
to a mechanism for reconfigurability in HMO structures.
Briefly: For the trajectory describing increasing |p?|
in blue, the shift simultaneously involves widening the
radius and contracting along the axis. Interestingly, the
helical interface traced out by this shift is gradually flat-
tening out as |p?| → ∞. However, for reasons of discrete-
ness, it cannot go completely flat since a horizontal in-
terface can only exist for p? = 0 [50]. Instead, we see the
emergence of an accumulation point (limit as |p?| → ∞)
at roughly pi−1(ω, ϕ) ≈ (0, 0.13). In contrast, the tra-
jectory in purple is also for increasing integer values of
|p?|, starting from zero, but describes a shift along the
helical interface in the opposite sense, which takes the in-
terface ever more vertical. This involves extension along
the axis and contraction of the radius; a process that,
evidently, cannot continue indefinitely. Instead, there is
a transition in the chirality from |p?| = 3 to |p?| = 4
(purple to red) that is achieved by flipping each moun-
tain and valley of the Miura parallelogram, as indicated
by the sign change in ω. After the transition, the trajec-
tory for increasing |p?| in red describes a shifting helical
interface that goes evermore horizontal again, resulting
in expansion of the radius and contraction along the axis.
This also does not continue indefinitely, as there is a final
transition between |p?| = 22 and |p?| = 23 (red to green)
which again flips each mountain and valley of the Miura
parallelogram. Along the green trajectory, we can take
|p?| → ∞. The shifting helical interface is flattening out
giving, seemingly, the same accumulation point in the
phase-space pi−1(ω, ϕ) ≈ (0, 0.13) as the blue trajectory,
but corresponding to solutions of the opposite chirality.
Importantly, these transitions—whereby ω changes
signs and induces a flip in the mountain valley assign-
ment—occur exactly when one of the helical interfaces
is nearly vertical. Our musings in this direction, guided
by further numerical evidence, suggest this is an observa-
tion generic to all HMO structures. Recall that vertical
interfaces correspond to the fully degenerate lines in the
phase diagrams (Fig. 4), and describe HMO solutions for
which the Miura parallelogram is completely unfolded
(i.e., ω = 0). We observe that configurations“above” the
line and “below” the line correspond to a change in the
sign of ω, and this is apparently what is happening in the
transition of |p?| = 3 to 4 and |p?| = 22 to 23 in Fig 5. As
a final comment related to the diagrams, it is tantalizing
to think that the solutions for the two mountain-valley
assignments can be directly mapped onto each other by a
linear transformation in the (ω, ϕ) phase space, as it very
much looks like the σ = − solutions are related to the +
solutions by a contraction of the folding angle ω. Alas,
we have checked this carefully, and it is not the case.
In summary, we have presented a general framework to
investigate the phase-space of HMO structures. Our nu-
merical efforts in this direction suggest that rigidly fold-
able motions that preserve helical symmetry are impos-
sible in such structures. Nevertheless, as the examples in
Fig.4 and 5 highlight, multistability for a fixed discrete-
ness (p?, q?) is an ubiquitous feature, and a rich variety
of configurations can generically be achieved by rolling
up a reference tessellation in different ways. In what fol-
lows, we exploit these two features to discuss approaches
for making these structures reconfigurable.
Motion by slip. One such means of reconfigurabil-
ity is suggested by the diagram in Fig. 5: A variety of
HMO are achieved from the same underlying tessellation
by solving the discreteness conditions (14) and (15) for
different discrete values of p? ∈ Z (with |q?| = const.
a fixed integer describing the number of unit cells along
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FIG. 5: A diagram describing all the ways the reference tessellation, i.e., an infinite strip with width |q?| = 7 Miura parallelogram
in the top left corner, can be rolled up to form a HMO. These solve (14) and (15) for p? = 0, . . . , 150 and q? = 7 in blue,
p? = 4, . . . , 22 and q? = −7 in red, and p? = 23, . . . , 150 and q? = −7 in green. The purple solutions depicted are obtained
differently for aesthetic reasons: First, we solve (14) and (15) for p? = 1, 2, 3 and q? = −7. This yields the axis orientation
ϕ = ϕσ? (ω
σ
? ) < 0. We then notice that, by replacing the axis orientation with ϕ = ϕ
σ
? (ω
σ
? ) + pi and the discreetness (p
?, q?)
with its minus, we achieve exactly the same structure. For all these solutions (blue/purple/red/green), there are also trivial
solutions of mirrored chirality which correspond to (p?, q?, ω, ϕ) 7→ −(p?, q?, ω, ϕ). We did not bother to plot these, as they do
not provide any additional information. Finally, we did not calculate the solutions beyond |p?| = 150 since the accumulation
points along the blue and green trajectories as |p?| → ∞ are evident.
the width of the tessellated strip of interest). However,
notice that the parameterizations also make sense when
treating p? as a continuous parameter and solving these
equations. We simply “connect the dots” along a con-
tinuous curve in the (ω, ϕ) phase-space. While this con-
tinuation does not give a HMO for non-integer values of
p?, it does describe a rigidly foldable isometric origami
motion of this tessellation. Precisely, consider any con-
tinuous curve (ωσp? , ϕ
σ
? (ω
σ
p?)) that solves (14-15) for p
? in
some connected interval of R. Substituting this curve into
the group parameters (13) and then all the parameters
into (11), we observe that the deformation must describe
rigidly foldable origami as a function of p? due to the
underlying continuity and distance preserving nature of
all of these maps. In fact, there is a quite simple physical
interpretation; this is nothing but motion by slip along
the helical interface that connects the boundaries of the
tessellation.
An example to this effect is provided in Fig. 6. For
the same underlying tessellation, we vary p? continu-
ously from 2 to 5 to generate a continuous curve of
solutions to (14) and (15) in the (ω, ϕ) phase-space.
The origami structures (obtained by substituting solu-
tions on this curve into (13) and (11)) are displayed at
integers and half-integers. Notice at the half-integers
p? = 2.5, 3.5, 4.5, the misfit (in red) is along a single
helical interface and exactly halfway between two HMO
structures p? ± 1/2 (in blue). This clearly indicates mo-
tion by slip along the helical interface.
We should point out that this slip motion is by no
means special to the particular example shown but rather
generic to these origami structures. Thus, it would seem
a natural means of reconfigurability in engineering de-
sign: For example, one could design a slider mechanism
that attaches to the two boundaries of the underlying tes-
sellation. For the design, we envision that, once the two
sides are connected to form a HMO, this slider would al-
low for easy motion along the helical interface but would
otherwise act as a linear spring for distortion in the ra-
dial direction and be (ideally) rigid for distortion normal
to the radial and helical tangent directions. In this sense
then, the square of the max misfit displacement (e.g., ∆2
for ∆ in the example Fig. 6) would provide a reasonable
proxy to the energy barrier to motion up to, say, a con-
stant depending only on the design of the slider. Since
the motion is otherwise rigidly foldable origami—and,
particularly, involves no change in the mountain-valley
assignment in most instances—it is reasonable that all
other sources of energy in the system (e.g., a “bending
energy” of the folds or friction in the hinges) could be
made negligible by comparison. As a result, we expect
such designs to achieve equilibrium states at exactly each
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FIG. 6: By treating p? as a continuous parameter in the de-
sign equations, a rigidly foldable motion corresponding to slip
along a helical interface is achieved (left). This induces a mis-
fit displacement in the radial direction at the boundaries of
the tessellation for non-discrete values of p? (right).
discrete value of p? that admits a HMO along a con-
tinuous path in the (ω, ϕ) phase-space. We also expect
a modest energy barrier for transitioning between these
discrete states. Thus, reconfigurability here would pre-
sumably involve an actuation or loading that exceeds the
energy barrier; thereby, allowing the structure to “jump”
from one HMO to its neighbor.
Motion by phase transformation. Multistabilty is
ubiquitous in mechanical systems [32, 33], and one can
often leverage this to obtain overall motion by transform-
ing the system from one stable state to another. In HMO,
we have a generically multistable mechanical system for a
fixed discreteness due to the underlying constraints im-
posed by cylindrical origami; there is typically a plus-
phase and minus-phase (sometimes multiple such states)
corresponding to the two different mountain-valley as-
signments for the Miura parallelogram (Fig. 4). We ex-
ploit this feature to study coexistence of phases, i.e.,
whether the two phases can exist as mixtures that re-
sult in cylindrical origami, with the potential to produce
overall motion. The line of thinking here is inspired by
geometric compatibility in martensitic phase transforma-
tions [34–36] and its analog for discrete helical structures
[1].
To address coexistence of phases, the naive idea is
to transform one of the phases generating a HMO
to another via the propagation of geometrically com-
patible interfaces, but there is admittedly some sub-
tlety. We begin by considering two locally compatible
origami structures generated by the same underlying tes-
sellation: Gˇyσˇωˇ(Ω) = {gˇp1 gˇq2(yσˇωˇ(Ω)) : (p, q) ∈ Z2} and
Gˆyσˆωˆ(Ω) = {gˆp1 gˆq2(yσˆωˆ(Ω)) : (p, q) ∈ Z2}, where gˇi (re-
spectively, gˆi) have group parameters as in (13) with
(ω, ϕ, σ) = (ωˇ, ϕˇ, σˇ) (respectively, (ω, ϕ, σ) = (ωˆ, ϕˆ, σˆ))
on the domain given above. Note that we are not en-
forcing the discreteness condition (14-15), as this will be
relaxed since the origami here can involve more than one
phase. In fact, by arguing rigorously in the Supplement,
we show that necessary and sufficient conditions for a
closed cylindrical origami of these two phases are
τ σˇ1 (ωˇ, ϕˇ) = τ
σˆ
1 (ωˆ, ϕˆ),
θσˇ1 (ωˇ, ϕˇ) = θ
σˆ
1 (ωˆ, ϕˆ),
p?τ σˇ1 (ωˇ, ϕˇ) + q˜τˇ
σˇ
2 (ωˇ, ϕˇ) + (q
? − q˜)τ σˆ2 (ωˆ, ϕˆ) = 0,
p?θσˇ1 (ωˇ, ϕˇ) + q˜θ
σˇ
2 (ωˇ, ϕˇ) + (q
? − q˜)θσˆ2 (ωˆ, ϕˆ) = 2pi,
(16)
for some p?, q˜, q? ∈ Z with |q˜| ≤ |q?| and q?q˜ ≥ 0.
(Trivially, we can also exchange the roles of (·)2 and (·)1
above.) We focus on the system in (16) without loss of
generality.
This system of equations, when solved, admits three
types of cylindrical origami depending on the values of
the various parameters: HMO (i.e., single-phased cylin-
drical origami), those with horizontal interfaces, and
those with helical interfaces. The former is obvious; if we
set (ωˇ, ϕˇ, σˇ) = (ωˆ, ϕˆ, σˆ), then the system in (16) degen-
erates to the original discreteness condition (8), which is
solved via the procedure in (14-15). Alternatively, hori-
zontal interfaces correspond to q? = q˜ = 0 and (ωˇ, ϕˇ, σˇ) 6=
(ωˆ, ϕˆ, σˆ). Finally, helical interfaces correspond to every-
thing else, i.e., p?, p˜ 6= 0 and (ωˇ, ϕˇ, σˇ) 6= (ωˆ, ϕˆ, σˆ). In
particular, the latter two formulas for helical interfaces
describe a ρ-averaged discreteness condition given the
former two. That is, these formulas can be written as
p?〈τ1〉ρ + q?〈τ2〉ρ = 0 and p?〈θ1〉ρ + q?〈θ2〉ρ = 2pi with
ρ = q˜/q? being the density of (ˇ·)-phase. In this sense, we
will show that |q˜| and |q?| − |q˜| are the number of rows
of the (ˇ·)-phase and (ˆ·)-phase, respectively, for this type
of cylindrical origami.
Focusing first on simpler case of a horizontal interface
(i.e., q? = q˜ = 0), we see that (16) reduces to
τ σˇ1 (ωˇ, ϕˇ) = τ
σˆ
1 (ωˆ, ϕˆ) = 0,
p?θσˇ1 (ωˇ, ϕˇ) = p
?θσˆ1 (ωˆ, ϕˆ) = 2pi.
(17)
As a consequence, the complete characterization of the
solutions here is rather trivial. Specifically, any set of
parameters which generates a ring-type HMO (i.e., solves
(14-15) with q? = 0) can evidently be connected to any
other along a horizontal interface, and these are the only
types of solutions in this case. This is quite striking:
As HMO solutions in this case typically come in pairs
(a plus and minus phase; sometimes two each), it is a
generic fact that such structures can form mixtures of
the two (or four) phases along horizontal interfaces.
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FIG. 7: Phase transforming HMO. (a) Overall twist and extension obtained by transformation via a compatible horizontal
interface. (b) . The twist ∆θ and extension ∆τ with (l, η) = (1.5, pi/4) for 0 < λ < 1. (c-d) The maximal twist and extension as
a function of the reference parameters (l, η, λ). Each point in the phase space indicates the twist and extension after maximizing
with respect to λ. For a more detailed diagram that highlights the λ dependence, see the supplemental. (e) An example of
cylindrical origami with helical interfaces.
One example, involving a change in the mountain-
valley assignment for the Miura parallelograms, is pro-
vided in Fig 7(a). Notice that, when a ring is trans-
formed, it produces an overall twist and extension of the
structure: The parameters θ1 and τ1 for the generators gˇ1
and gˆ1 are identical (as they solve (17)), but their analogs
θ2 and τ2 in gˇ2 and gˆ2 need not be. The overall twist and
extension is simply the manifestation of this difference.
That is, whenever a single ring is transformed, the mag-
nitudes of overall twist and extension are ∆θ = |(θˇ2− θˆ2)|
and ∆τ = |τˇ2 − τˆ2|, respectively [51].
As these quantities are often figures of merit in design,
it seems quite natural to address what ring-structures
(q? = 0) give the maximal overall twist or maximal over-
all extension when a layer is transformed. This can be
done systematically. We first fix the boundary of of
Miura parallelogram. Then, as a function of the crease
pattern parameter 0 < λ < 1 defining the interior ver-
tex, we compute the parameters that give a multistable
HMO and find the maximum difference ∆τ and ∆θ for
this λ-dependence (Fig. 7(b)). Finally, we cycle through
the boundary parameters (l, η) and repeat. The results
of this procedure for p? = 8 are highlighted graphically
in Fig. 7(c-d) and are quite illuminating for design. For
ring-type HMO with horizontal interfaces, we conclude:
1. The transforming twist is largest in the triangular
region depicted in Fig. 7(c). These involve a twist
with angle ≈ pi per transforming layer.
2. The maximal extension is unambiguously achieved
as (l, η, λ) → (0.414, pi/2, 0), which exactly corre-
sponds to a special Kresling pattern.
A transformation inducing the maximal twist (i.e., on
in the triangular region) and the special Kresling pat-
tern are also provided in the figures. The latter has the
feature that the Miura parallelogram—actually, the limit
λ→ 0 of Miura parallelograms—generates a HMO in the
completely unfolded and the fully folded-in-half states.
Hence, the extension achieved is as large as can ever be
expected, as it is the full height of the layer itself. The
former is one of many examples for which a nearly de-
generate HMO can transform along the same mountain-
valley assignment, inducing a twist-per-layer that is es-
sentially half the circumference of the cylinder.
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We end the discussion of compatible interfaces by
briefly introducing an example corresponding to the he-
lical case (Fig. 7(e)). This is obtained by solving the sys-
tem of equations in (16) with q˜ = 3, q? = 8 and p? = 8.
We do not present here a general strategy for solving this
class of problems. Instead, the solution is achieved by an
iterative procedure involving slight perturbations of both
plus-phase and minus-phase HMO with this discreteness.
Observe that the perturbed phases are such that a three
layered plus-phase can connect to a five layered minus-
phase in such a way to be perfectly compatible along
two infinitely long helical interfaces. Additional pertur-
bations are required to propagate the geometrically com-
patible helical interfaces (i.e., solve the system with dif-
ferent q˜) and induce an overall motion (twist and exten-
sion). Such change in solutions is significant, as it avoids
the issue of rigidity we observed with helical interfaces of
two phases in atomic structures [1].
Discussion. In this work, we have presented a thor-
ough—if not complete—characterization of the phase-
space of Helical Miura Origami. The results are mostly
explicit and quantitative, but otherwise involve only the
simplest of numerical implementation. As such, this
characterization should make for an efficient design tool
for the myriad of applications seeking multi-functional
and tunable structures: The motion by slip, which in-
duces expansion (or contraction) radially in the struc-
ture, would seem a natural mechanism in the design of
medical stents. The quadstable ring structures—really
their “fold-in-half” analogs—are already being explored
as a concept for deployable space structures [19]. And the
helical symmetry, which is on full display in this method-
ology, has the potential to be exploited for the design of
novel electro-magnetic antennas [52]; particularly, since
discrete symmetries can interact with Maxwell’s equa-
tions to produce highly directionalized electro-magnetic
profiles [37]. In fact, the helical interfaces are an in-
teresting example in this setting, as they involve both
a short-wavelength helical symmetry (the unit cell) and
a long-wavelength symmetry (e.g., a shift and potential
twist of the eight layers along the axis in Fig 7(e)).
On the theoretical front, the abstraction underlying all
the results here is: discrete and Abelian groups of isome-
tries interact naturally with origami unit cells to pro-
duce complex—hopefully interesting—structures. While
we have chosen to focus our attention on one type of
unit cell (the Miura parallelogram), the approach applies
much more broadly. For instance, Kawasaki’s condition
can certainly be relaxed [22] and still yield an origami
unit cell. In addition, advances in 3-D/4-D printing
and manufacturing make it sensible to also consider: 1)
origami that is absent a flat configuration, and 2) simple
building blocks of nonisometric origami [38, 39] made of
active materials. In all such cases, as long as the unit
cell has four and only four corners, the design equations
for the group parameters (i.e., the equations (13-15)) di-
rectly apply to construct any Helical Origami. Thus, the
group theoretic approach to origami design would seem
to have a broad and remarkable scope.
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A. On the parameterization of a Miura
parallelogram.
Let {e1, e2, e3} denote the standard basis on R3, and
let x1,x2,x3,x4 ∈ R3 denote the corner points of the
Miura parallelogram, which in the flat state is repre-
sented by a domain Ω ⊂ R3 (a two-dimensional domain
embedded into R3). To parameterize these points, we
choose x1 = 0, x2 = e1, x4 = l(cos η e1 + sin η e2), and
x3 = x2 + x4 − x1 for η = ∠x2x1x4 ∈ (0, pi) and l > 0.
This is a general parameterization of a parallelogram up
to translation, rotation and uniform rescaling. The four
creases of the Miura parallelogram merge to a point on
the interior, which we denote with x0. This has the form
x0 = x1 +λ1(x2−x1)+λ2(x4−x1), λ1, λ2 ∈ (0, 1), (S1)
where λ1 and λ2 are chosen so that the sector angles
satisfy the well-know Kawasaki’s condition for flat fold-
ability, i.e., that opposite angles sum to pi.
To characterized λ1 and λ2, note that Kawasaki’s con-
dition ∠x1x0x4 + ∠x2x0x3 = pi is equivalent to
(x4 − x0) · (x1 − x0)
|x4 − x0||x1 − x0| +
(x3 − x0) · (x2 − x0)
|x3 − x0||x2 − x0| = 0 (S2)
by the law of cosines. A necessary condition is thus
((x4 − x0) · (x1 − x0)|x3 − x0||x2 − x0|)2
= ((x3 − x0) · (x2 − x0)|x4 − x0||x1 − x0|)2 = 0.
(S3)
With our parameterizations xi ≡ xi(η, l, λ1, λ2) for i =
0, 1, 2, 3, 4, the latter can be expressed as
p1p2 = 0,
p1 =
(
2λ1 − 1 + 2(λ1 − 1)λ1(2λ2 − 1)l cos(η)
(λ1 − 1)λ1 + (λ2 − 1)λ2l2
)
,
p2 = (λ1 − 1)λ1 − (λ2 − 1)λ2l2,
(S4)
after some algebra that uses the fact that (λ1 − 1)λ1 +
(λ2−1)λ2 6= 0 and sin2(η)l2 6= 0. From this point, we can
actually argue that the necessary and sufficient condition
for (S2) is, in fact, only p2 = 0.
Indeed, suppose this is not necessary. Then there is
a solution to (S2) with p2 6= 0. Evidently then p1 = 0
is necessary by (S4). But this is solved if and only if
λ1 = λ2 = 1/2 with l = 1 or
cos(η) =
(1− 2λ1)((λ1 − 1)λ1 + (λ2 − 1)λ2l2)
2(λ1 − 1)λ1(2λ2 − 1)l . (S5)
The former gives p2 = 0, so we need only focus on the
latter. In this case, we observe that (x4 − x0) · (x1 − x0)
in (S2) simplifies to
(λ1 − 1)λ1 − (λ2 − 1)λ2l2
2(λ1 − 1) (S6)
by substituting the formula for cos(η). Likewise, (x3 −
x0) · (x2 − x0) in (S2) simplifies to
(λ2 − 1)λ2l2 − (λ1 − 1)λ1
2λ1
(S7)
by the same substitution. But again, these observations
lead to the conclusion that
p2 = (λ2 − 1)λ2l2 − (λ1 − 1)λ1 = 0 (S8)
since, if not, (S6) and (S7) have the same sign which
violates (S2). Thus, p2 = 0 is necessary.
For the sufficiency of p2 = 0, we observe that (S3)
holds since p2 = 0 solves (S4). This means that either
(S2) is solved or (x4−x0) · (x1−x0) is non-zero and has
the same sign as (x3 − x0) · (x2 − x0). We show that the
latter is false, and, as such, the former is true. Indeed,
since xi ≡ xi(η, l, λ1, λ2) for i = 0, 1, 2, 3, 4, we find that
(x4 − x0) · (x1 − x0) =
λ21 + λ1(2λ2 − 1)l cos(η) + (λ2 − 1)λ2l2,
(x3 − x0) · (x2 − x0) =
(λ1 − 1)2 + (λ1 − 1)(2λ2 − 1)l cos(η) + (λ2 − 1)λ2l2.
(S9)
By making the substitution (λ2 − 1)λ2l2 = (λ1 − 1)λ1
(which is p2 = 0), the two equations in (S9) can be writ-
ten as
(x4 − x0) · (x1 − x0) =
λ1((2λ1 − 1) + l(2λ2 − 1) cos(η)),
(x3 − x0) · (x2 − x0) =
(λ1 − 1)((2λ1 − 1) + l(2λ2 − 1) cos(η)).
(S10)
Thus clearly, (x4−x0) ·(x1−x0) and (x3−x0) ·(x2−x0)
have opposite signs or they are both zero. This is all that
is required to show that (S8) implies (S2).
In summary, p2 = 0 is necessary and sufficient for a
solution to (S2), which is the condition that the crease
pattern satisfies Kawaski’s conidition. This furnishes a
(λ1, λ2): If l > 1, the solutions of (S8) are
λ2 =
1
2
±
√
1
l2
(λ1 − 1
2
)2 +
1− 12/l2
4
. (S11)
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2If l < 1, the solutions are
λ1 =
1
2
±
√
l2(λ2 − 1
2
)2 +
1− l2
4
. (S12)
Finally, the case l = 1 is solved by
λ2 = λ1 or 1− λ1. (S13)
This is the complete parameterization for (S8) and gives
the stated results (i-iii) in the main text.
B. Kinematics of a four-fold origami satisfying
Kawasaki’s condition
We define the four tangent and normal vectors to the
crease pattern of the Miura parallelogram by
ti =
xi − x0
|xi − x0| , ni = −(ti · e2)e1 + (ti · e1)e2 (S14)
for i = 1, 2, 3, 4. In addition, we denote two of the sector
angles with α = ∠x1x0x2 = arccos(t2 · t1) and β =
∠x2x0x3 = arccos(t3 ·t2). Since the interior vertex of the
Miura parallelogram satisfies Kawasaki’s condition, the
other two are prescribed (i.e., ∠x3x0x4 = arccos(t4·t3) =
pi − α and ∠x4x0x1 = arccos(t1 · t4) = pi − β). Finally,
we introduce the right-hand rotations
Ri(γi) = ti ⊗ ti + cos(γi)(ni ⊗ ni + e3 ⊗ e3)
sin(γi)(e3 ⊗ ni − ni ⊗ e3), (S15)
for i = 1, 2, 3, 4, and we introduce the sets
Sα1 =
{
x ∈ Conv {x4,x0,x1}
}
Sαi =
{
x ∈ Conv {xi,x0,xi−1}
}
, i = 2, 3, 4.
(S16)
Observe that the rotation satisfy Ri(γi)ti = ti for all
angles γi. In addition, the sets Sαi describe the convex
hull of two corner points and the interior vertex. As
such, each gives a triangular region with sector angle αi,
and their union gives the domain of the entire Miura
parallelogram, i.e., ∪i=1,2,3,4Sαi = Ω.
With the notation now set, we note that, up to rotation
and translation, a general isometric origami deformation
of the Miura parallelogram is given by y : Ω → R3 such
that
y(x) =

x, if x ∈ Sα2
R2(γ2)(x− x0) + x0 if x ∈ Sα3
R2(γ2)R3(γ3)(x− x0) + x0 if x ∈ Sα4
R1(−γ1)(x− x0) + x0 if x ∈ Sα1 ,
(S17)
and subject to compatibility conditions that the jump in
the deformation gradient along each of the four tangents
ti is zero, i.e.,
(I−R1(−γ1))t1 = 0
(R2(γ2)− I)t2 = 0
(R2(γ2)R3(γ3)−R2(γ2))t3 = 0
(R1(−γ1)−R2(γ2)R3(γ3))t4 = 0.
(S18)
These compatibility conditions are necessary and suffi-
cient for continuity of the deformation y, and thus, en-
sure that y is a continuous isometric origami deformation
of the Miura parallelogram. The angles are restricted to
the interval −pi ≤ γ1, γ2, γ3 ≤ pi. This natural physical
restriction avoids paper passing through itself but allows
the structure to be folded flat (γ1, γ2, γ3 = ±pi).
As it happens, the first three compatibility conditions
are solved trivially since Ri(γi)ti = ti. The fourth can
be rewritten as
R1(γ1)R2(γ2)R3(γ3)t4 = t4. (S19)
In turn, this demands that a product of rotations R =
R1(γ1)R2(γ2)R3(γ3) satisfy Rt4 = t4. Since this prod-
uct is clearly also a rotation, it must be that R =
R4(−γ4) for some γ4 ∈ [−pi, pi]. Thus, we can write the
final compatibility condition—really, the only one that is
not solved trivially—as
γ1, γ2, γ3, γ4 ∈ [−pi, pi], s.t.
R1(γ1)R2(γ2)R3(γ3)R4(γ4) = I.
(S20)
This is the condition of compatibility stated in the main
text.
We now introduce a theorem on the kinematics of a
Miura four-fold intersection, which simply characterizes
all solutions to (S20) when the tangents (and therefore,
the rotations) are related by Kawasaki’s condition. A
generalized version of this theorem, in which Kawasaki’s
condition is relaxed, is introduced in [S1]. For the result
at hand, we find it convenient to employ the shorthand
notation cθ = cos(θ) and sθ = sin(θ).
Theorem B.1. For a four-fold vertex satisfying
Kawasaki’s condition, the compatibility condition (S20)
holds if and only if:
• The folding angle belong to the four-fold families
γ1 = −σγ¯σ3 (ω), γ2 = σω, γ3 = γ¯σ3 (ω), γ4 = ω,
γ¯σ3 (ω) = sign
(
(cα − σcβ)ω
)
arccos
(
(σ1−cαcβ)cω+sαsβ
(σ1−cαcβ)+sαsβcω
)
,
σ ∈ A =

∅ if α = β = pi2
{−} if α = β 6= pi2
{+} if α = pi − β 6= pi2
{±} otherwise
for ω ∈ [−pi, pi].
(S21)
• The folding angle belong to the fold-in-half families{
γ1,3 = 0, γ2,4 = ω ∈ [−pi, pi] if σ = +, α = β
γ1,3 = ω ∈ [−pi, pi], γ2,4 = 0 if σ = −, α = pi − β;{
γ1 = −γ3 = ω ∈ [−pi, pi], γ2,4 = ±pi if σ = +, α = β
γ1,3 = ±pi, γ2 = −γ4 = ω ∈ [−pi, pi] if σ = −, α = pi − β.
(S22)
3Proof. A necessary condition for (S20) is
t3 ·
(
R3(γ3)R4(γ4)−RT2 (γ2)RT1 (γ1)
)
t1 = 0 (S23)
By a direct calculation and since Ri(θ)ti = ti, we observe
that
t3 ·
(
R3(γ3)R4(γ4)−RT2 (γ2)RT1 (γ1)
)
t1
= t3 ·
(
R4(γ4)−RT2 (γ2)
)
t1 =
(
cγ2 − cγ4
)
sαsβ .
(S24)
Consequently, (S23) is solved if and only if γ2 = ±γ4
since α, β ∈ (0, pi). Thus, from herein, we set γ4 = ω and
γ2 = σω for σ ∈ {±} and ω ∈ [−pi, pi], as this necessary.
Another necessary condition is simply(
R3(γ3)R4(ω)−RT2 (σω)RT1 (γ1)
)
t1 = 0. (S25)
The left-hand side can be rewritten in a form that is more
reveling. For instance, as we have already solved for the
t3 component of this equation (by (S23) and (S24)), we
can project the equation onto the plane normal to t3 and
use the identity R1(θ)t1 = t1. These two observations
give the identities(
R3(γ3)R4(ω)−RT2 (σω)RT1 (γ1)
)
t1
= P3
(
R3(γ3)R4(ω)−RT2 (σω)RT1 (γ1)
)
t1
= R3(γ3)P3R4(ω)t1 −P3RT2 (σω)t1,
(S26)
where P3 = I− t3 ⊗ t3. Note that P3 and R3(γ3) com-
mute, which gives the last identity.
Now, since trivially |R4(ω)t1| = |RT2 (σω)t1| = 1 and
since t3 ·R4(ω)t1 = t3 ·RT2 (σω)t1 (by (S23) and (S24)),
we have |P3R4(ω)t1| = |P3RT2 (σω)t1|. Combining this
with (S26), we observe that the needed identity in (S25)
is solved in exactly one of two ways:
1. If P3R4(ω)t1 = 0, then (S25) holds trivially for all
γ1,3 ∈ [−pi, pi].
2. Otherwise, P3R4(ω)t1 6= 0. Consequently, this
case is solved by letting γ3 ∈ [−pi, pi] be the an-
gle that takes the vector P3R4(ω)t1 to the vector
of equal (and non-zero) magnitude P3R
T
2 (σω)t1.
(Solutions in Case 1.) For this case, we characterize
the (ω, α, β) such that P3R4(ω)t1 = 0. Clearly, we must
have R4(ω)t1 ∈ {±t3}. Further, since t1, t3 and t4 are
all in the same plane and t1 · t4 = cos(pi − β) 6= 0, we
must also have ω ∈ {0,±pi}. Consequently, the solution
for ω = 0 is evidently t1 = −t3 since t1 cannot equal t3.
In other words, one solution is
ω = 0 and α = pi − β. (S27)
For the other case, ω ∈ {±pi}, we evidently must have
R4(±pi)t1 = t3. This is solved if and only if t4·t1 = t4·t3.
In other words, the other solution in this case is
ω ∈ {±pi} and α = β. (S28)
The results (S27) and (S28) provide a complete parame-
terization of P3R4(ω)t1 = 0.
(Solutions in Case 2.) We now assume P3R4(ω)t1 6=
0; equivalently, (ω, α, β, σ) do not belong to the param-
eterizations in (S27) and (S28). It follows that γ3 ∈
[−pi, pi] obeys the parameterization
cos(γ3) =
R4(ω)t1 ·P3RT2 (σω)t1
|P3R4(ω)t1|2 ,
sin(γ3) =
t3 · (R4(ω)t1 ×RT2 (σω)t1)
|P3R4(ω)t1|2 .
(S29)
using the geometric definitions of the dot product and
cross product, as well as several identities that we
have either justified previously or can be easily shown:
|P3R4(ω)t1| = |P3RT2 (σω)t1|, PT3 P3 = P3, and t3 ·
(R4(ω)t1×R2(σω)t1) = t3 · (P3R4(ω)t1×P3R3(σω)t1)
since t3 ·R4(ω)t1 = t3 ·RT2 (σω)t1.
Now, we should point out that it is always possible to
find an angle γ3 ∈ [−pi, pi] which obeys the relation (S29)
when P3R4(ω)t1 6= 0. In fact, this relation uniquely de-
termines the angle (up to a minor caveat [S2] that we
will disregard in what follows, as it is of no physical con-
sequence).
To describe the explicit function for this relation, we
first note that Kawasaki’s condition furnishes the identity
R4(ω)t1 ·P3RT2 (σω)t1
|P3R4(ω)t1|2 =
(σ1− cαcβ)cω + sαsβ
(σ1− cαcβ) + sαsβcω
(S30)
by explicit verification. There are evidently two special
cases to (S29) made apparent by this formula,{
γ3 = 0 ∀ ω ∈ (−pi, pi) if σ = +, α = β
γ3 ∈ {±pi} ∀ ω ∈ [−pi, pi] \ {0} if σ = −, α = pi − β.
(S31)
(Remember, P3R4(ω)t4 6= 0 for this characterization;
hence, the restrictions on the domain for ω.) However, if
(ω, σ, α, β) do not belong to one of these two sets, then it
is straightforward to observe that cos(γ3) = 1 if and only
if ω = 0 and cos(γ3) = −1 if and only if ω ∈ {±pi}. This
means that sin(γ3), as given in (S29), does not change
signs on the interval ω ∈ (0, pi) and ω ∈ (−pi, 0). Thus,
since the magnitude of γ3 is determined by taking the
arccos of (S30), we need only determine the sign by, for
instance, approximating the parameterization for sin(γ3)
for ω  1. In this direction, we observe that, to leading
order in ω,
t3 · (R4(ω)t1 ×RT2 (σω)t1)
≈
{
2(cα − cβ)
(
cα+β
2
)2
ω if σ = +
2(cα + cβ)
(
sα+β
2
)2
ω if σ = −.
(S32)
Note that (cα+β
2
)2 > 0 since 0 < α + β < 2pi, and
(sα+β
2
)2 > 0 since α = pi − β for σ = − is not rele-
vant by (S31). Thus, as we only really require the sign
4from the formula, we conclude that
γ3 = γ¯
σ
3 (ω)
= sign
(
(cα − σcβ)ω
)
arccos
(
(σ1−cαcβ)cω+sαsβ
(σ1−cαcβ)+sαsβcω
)
(S33)
whenever (ω, α, β, σ) ∈ [−pi, pi] × (0, pi)2 × {±} do not
satisfy the parameterizations in (S27), (S28) or (S31). At
this point, we notice that the formula here is also valid
for all ω ∈ [−pi, pi] and σ ∈ A, as asserted in (S21). That
is, the singularity P3R4(ω)t1 = 0 disappears under the
simplification in (S30) when σ = +, ω = 0 and α = pi−β
and when σ = −, ω ∈ {±pi} and α = β. Thus, (S33) for
σ ∈ A and the special cases in (S31) provide a complete
parameterization for case 2.
To summarize, we have completely solved the neces-
sary condition in (S25) by the parameterizations out-
lined. To complete the proof, we focus first on the
case that σ ∈ A, which gives that γ3 = γ¯σ3 (ω) for all
ω ∈ [−pi, pi]. Since the necessary condition (S25) holds
for this parameterization, we conclude that
R2(σω)R3(γ¯
σ
3 (ω))R4(ω)t1 = t1. (S34)
Consequently, there exists a γ1 ∈ [−pi, pi] such that
R1(γ1)R2(σω)R3(γ¯
σ
3 (ω))R4(ω) = I. To determine it ex-
plicitly, we notice that we must have |γ1| = |γ¯σ3 (ω)| by an
argument similar to that of (S23) and (S24). In addition,
since all the folding angles are engaged in this parame-
terization, Maekawa’s theorem tells us that the folding
angles (when each has magnitude |γi| ∈ (0, pi)) should
correspond to three mountains and a valley or three val-
leys and a mountain. In other words, γ1γ2γ3γ4 ≤ 0
under this parameterization. In combination, we ob-
tain γ1 = −σγ¯σ3 (ω) [S3]. This completes the proof for
the four-fold solutions. The other solutions (i.e., those
indicated by the special cases (S27), (S28) or (S31))
are simply describing the process of folding-in-half and
folding-in-half again. It is thus straightforward to con-
firm that (S22) gives the complete parameterization for
this case.
C. On HMO as objective structures.
An objective structure is the orbit of a point (or a
collection of points) under a discrete group of isometries.
An isometry is any map g = (R|c) such that g(x) =
Rx+c for R ∈ SO(3) and c ∈ R3 [S4]. A proper rotation
is any R ∈ SO(3) that is not I, and it is characterized
by a unique (up to a change in sign) axis given by e ∈ S2
such that Re = e. We will always define the axis e such
that a proper rotation R is a right-hand rotation about
this axis by an angle θ ∈ (−pi, pi] \ {0}. We say that
two proper rotations R1 and R2 have distinct axes e1
and e2 ∈ S2 whenever e1 6= ±e2. We have the following
classification theorem on the abelian groups:
Theorem C.1. The complete enumeration of the dis-
crete and abelian groups of isometries is as follows.
(i). Those whose rotation component does not contain
a proper rotation:
• “Points” − G = {id};
• “Lines” − G = {tp1 : p ∈ Z};
• “2D Lattices” − G = {tp1tq2 : p, q ∈ Z};
• “3D Lattices” − G = {tp1tq2tr3 : p, q, r ∈ Z}.
Here, ti = (I|ci), i = 1, 2, 3, and span{c1, c2, c3} =
R3.
(ii). Those whose rotation component contains a proper
rotation but does not contain two proper rotations
of distinct axes:
• “Rings” − G = {gr0 : r ∈ Z};
• “Cylinders” − G = {gp1gq2 : p, q ∈ Z}.
Here, gi = (Rθi |(I − Rθi)z + τie), i = 0, 1, 2, for
some axis of rotation e ∈ S2 and some origin z ∈
R3 with z · e = 0. In addition, the extension τi ∈ R
and twist θi ∈ (−pi, pi] satisfy
(for rings:) τ0 = 0 and r
?θ0 = 2pi,
(for cylinder:)

τ21 + τ
2
2 > 0
p?τ1 + q
?τ2 = 0
p?θ1 + q
?θ2 = 2pi,
(S35)
for some p?, q?, r? ∈ Z.
(iii). Those whose rotation component contains at least
two proper rotations of distinct axes:
• “Tetrahedron” − {hp1hq2 : p, q ∈ {0, 1}};
Here, hi = (Ri|ci), i = 1, 2 satisfy
Ri = 2ei ⊗ ei − I, i = 1, 2,
c1 = ηe2 + ξe3, c2 = µe1 + ξe3,
(S36)
for an orthonormal basis {e1, e2, e3} ⊂ R3 and an
(η, ξ, µ) ∈ R3.
This is proved elsewhere [S5].
In this work, we focus on how the partially folded
Miura parallelogram unit cell interacts with the so-called
“cylinder group” above. In particular, we provide a com-
plete classification of the compatible structures generated
by such an interaction and thus, a complete characteri-
zation of HMO structures.
D. On the HMO design equations
We assume the reference Miura parallelogram Ω is par-
tially folded by a deformation y ≡ yσω parameterized by
(S17) with folding angles γi ≡ γi(ω, σ) (for i = 1, 2, 3, 4)
that satisfy either (S21) or the first fold-in-half param-
eterization in (S22) for some ω ∈ [−pi, pi] and σ ∈ {±}.
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ogram with yσω(Ω) and thereby determine the corners of
the parallelogram by yi = y
σ
ω(xi) for i = 1, 2, 3, 4. With
the corners, we suppress the dependence on ω and σ to
simplify the notation, but it is always implicit in what
follows.
We consider two screw transformations gi = (Rθi |τie+
(I − Rθi)z) (i = 1, 2) with parameters Rθi ∈ SO(3),
θi ∈ (−pi, pi], τi ∈ R, e ∈ S2 and z ∈ R3, z · e = 0
characterizing the rotation, rotation angle, translation,
rotation axis and origin of the isometry, respectively.
These operate on a point x ∈ R3 in the standard way
gi(x) = Rθi(x− z) + τiei + z.
To construct HMO structures, we apply these transfor-
mations to the corners of the Miura parallelogram, but
there are restrictions. As discussed in the main text, the
parameters of these transformations must satisfy local
compatibility and the non-degeneracy condition, i.e.,
g1(y4) = y1, g1(y3) = y2,
g2(y1) = y2, g2(y4) = y3.
(S37)
Below, we derive all possible solutions to this system of
equations.
To consolidate the notation in what follows, we define
the side length vectors
ua = y3 − y4, ub = y2 − y1,
va = y1 − y4, vb = y2 − y3. (S38)
We claim the following under the stated hypotheses on
the parameters: If θ1 6= 0, then (S37) is equivalent to
τ1 = va · e, τ2 = ua · e, (ua − ub) · e = 0,
Rθ1Peua = Peub, Rθ2Peva = Pevb,
(I−Rθ1)z = Pe(y2 −Rθ1y3),
(S39)
where Pe = I−e⊗e. Note, in this system there are nine
equations for local compatibility, whereas in (S37), there
are twelve. Thus, by this equivalence, we are exposing
the redundancies in the original characterization of local
compatibility. For the case θ1 = 0, (S39) is necessary
for (S37) but not sufficient. This special case is treated
separately below.
Proof. ((S37) ⇒ (S39)). We begin with the easier direc-
tion. The first equation τ1 = va ·e is obtained by dotting
g1(y4) = y1 with e and using the stated properties of
the parameters. The second equation τ2 = ua · e is ob-
tained, in similar fashion, by dotting g2(y4) = y3 with e.
For the third, we first dot g2(y1) = y2 with e to obtain
τ2 = ub · e (just like the other cases), and we combine
this with τ2 = ua ·e to get (ua−ub) ·e = 0. Moving on to
the second line, we obtain Rθ1Peua = Peub by first tak-
ing the difference between g1(y4) = y1 and g1(y3) = y2.
We then premultiply this difference by Pe and use the
fact that PeRθ1 = Rθ1Pe to get the result. We obtain
Rθ2Peva = Pevb by a similar manipulation with the
two equations g2(y1) = y2 and g2(y4) = y3. Finally, for
the third line, we obtain (I − Rθi)z = Pe(y2 − Rθ1y3)
by premultiplying the equation g1(y3) = y2 by Pe and
rearranging.
((S37) ⇐ (S39) when θ1 6= 0). For this direction, we
first observe the following equivalences:
g1(y3)− g1(y4) = y2 − y1 ⇔ Rθ1ua = ub
⇔ Rθ1Peua +
(
e · (ua − ub)
)
e = Peub.
(S40)
Consequently, (S39) implies g1(y3) − g1(y4) = y2 − y1.
In similar fashion, we observe that
g2(y1)− g2(y4) = y2 − y3 ⇔ Rθ1va = vb
⇔ Rθ1Peva +
(
e · (va − vb)
)
e = Pevb.
(S41)
Consequently, (S39) implies g2(y1) − g2(y4) = y2 − y3
since (ua − ub) · e = (va − vb) · e. Next, we observe that
g1(y3) = y2 ⇔
(I−Rθi)z +
(
τ1 − vb · e
)
e = Pe(y2 −Rθ1y3).
(S42)
In addition, (S39) implies τ1 = vb · e since it gives (ua −
ub) · e = 0 and τ1 = va · e and since (va − vb) · e =
(ua−ub) · e. In combination with the equivalence (S42),
we conclude that (S39) implies g1(y3) = y2.
In summary, we have shown so far that (S39) implies
g1(y3) = y2, g1(y4) = y1,
g2(y1)− y2 = g2(y4)− y3. (S43)
We can say more. Observe that gi(x − y) = gi(x) −
gi(y) + gi(0) for any x,y ∈ R3 and i = 1, 2. In addition,
the groups are abelian, i.e., g1g2(x) = g2g1(x). Thus,
from (S43), we evidently have the identity:
g1
(
g2(y1)− y2
)
= g1
(
g2(y4)− y3
)
= g1g2(y4)− g1(y3) + g1(0)
= g2g1(y4)− y2 + g1(0)
= g2(y1)− y2 + g1(0).
(S44)
By subtracting g1(0) from both sides and expanding out
the g1(·) terms, the above identity takes on the revealing
form
Rθ1
(
g2(y1)− y2
)
= g2(y1)− y2, (S45)
especially given that
e · (g2(y1)− y2) = τ2 − e · vb = 0 (S46)
from (S39). In particular, since g2(y1) − y2 ⊥ e and
since the identity (S44) is evidently implied by (S43), we
can infer that one of the two possibilities must be true:
(a) θ1 = 0 or (b) g2(y1) = y2. As we have assumed
θ1 6= 0 for this characterization, we have g2(y1) = y2. It
therefore follows from (S43) that g2(y4) = y3, and thus
(S37) holds as desired.
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FIG. S1. The boundary of a Miura parallelogram (with cor-
ner point displayed) when it is unfolded (i) and in various
folded flat configurations (ii-v). This observation is used in
the Proposition D.1.
We now turn to the case that θ1 = 0. In this direction,
consider the following system of equations:
θ1 = 0, ua = ub, τ2 = ua · e,
va = vb, vb = τ1e,
(I−Rθ2)z = Pe(y2 −Rθ2y1), θ2 6= 0.
(S47)
We claim that
(S37) with θ1 = 0, θ2 6= 0 ⇔ (S47). (S48)
Proof. (⇒ .) From the previous result, we have that (S37)
⇒ (S39) in general. Therefore, the implication holds for
θ1 = 0. Thus, τ2 = ua · e is trivial. Further, by substi-
tuting θ1 = 0 into (S39), we easily deduce the ua = ub
and va = vb. By substituting the latter back into (S39),
we have Rθ2Pevb = Pevb. Notice if Peva 6= 0, then
evidently θ2 = 0. We therefore have Pevb = 0, as
θ2 6= 0 is assumed. Since additionally τ2 = e · va in
(S39), we conclude vb = τ2e. Thus, for this direction,
the only result in (S47) that remains to be justified is
(I −Rθ2)z = Pe(y2 −Rθ2y1. This identity is obtained
from (S37) by projecting the identity g2(y1) = y2 onto
the plane with normal e.
(⇐.) We observe that (S47) is a solution to (S39).
(Note, (I − Rθ1)z = 0, and also Pe(y2 − Rθ1y3) = 0
in this case.) Thus, the previous analysis guarantees the
three identities in (S43). We claim also that g2(y1) =
y2. Indeed, this follows by combining three identities
from (S47): (I−Rθ2)z = Pe(y2 −Rθ2y1), ua = ub and
τ2 = ua · e. Thus, (S37) follows by combining (S43) with
g2(y1) = y2.
Note, we do not include the equivalence for the case
θ1 = θ2 = 0, as such parameterizations of local compat-
ibility in (S37) can never satisfy the discreteness condi-
tion.
We aim now to fully parameterize the two possible so-
lutions to local compatibility and non-degeneracy given
by (S39) and (S47). To do this, we make the following
observations relating the side length vectors ua,b and va,b
in (S38) to the fold angle parameter ω.
Proposition D.1. For the Miura parallelogram yσω(Ω),
the following statements are true:
(i). If ω = 0, then ua = ub and va = vb.
(ii). If ω ∈ {±pi} and 1 = |ua| > |va| = l, then ua ∦ ub
and va = −vb.
(iii). If ω ∈ {±pi} and 1 = |ua| < |va| = l, then ua =
−ub and va ∦ vb.
(iv). If ω ∈ {±pi}, 1 = |ua| = |va| = l, and σ ∈ A, then
ua = −ub = va = −vb.
(v). If ω ∈ {±pi}, 1 = |ua| = |va| = l, and σ /∈ A, then
ua ∦ ub and va ∦ vb.
(vi). If ω ∈ (−pi, pi) \ {0}, then ua ∦ ub and va ∦ vb.
Proof. The first five statements follow from a geometric
argument. We recognize that, when ω = 0 or ∈ {±pi},
the Miura parallelogram yσω(Ω) is flat or folded-flat. This
means that the corner points yi, i = 1, 2, 3, 4, all lie in
the same plane. Since the side-length vectors (S38) sat-
isfy |ua| = |ub| = 1 and |va| = |vb| = l, this plane
condition is very restrictive. One can convince oneself
that the only way to put the corner points in a plane in a
manner consistent with isometric origami is as displayed
in Fig, S1(i-v). These correspond to the unfolded state,
or various fully folded configurations with the properties
as stated in the proposition.
Now, for the last statement (vi), we show that ua ‖ ub
or va ‖ vb implies ω ∈ {0,±pi}. This then proves the
claim. Note, the statement is geometrically obvious for
the fold-in-half cases σ /∈ A. Thus we focus on the generic
case σ ∈ A. We first recall the parameter η ∈ (0, pi),
which is the angle between x2 − x1 and x4 − x1. We,
therefore, let ησ(ω) ∈ [0, pi] be the angle between y2−y1
and y4 − y1 (note, this depends on ω since the corner
points implicitly depend on ω). By a direct calculation,
one can show that ησ(ω), σ ∈ A, is an even function (i.e.,
ησ(−ω) = ησ(ω) for ω ∈ [−pi, pi]) and, further, that it is
a strictly decreasing function on the interval [0, pi]. We
use these properties to verify the result.
Let σ ∈ A and ua ‖ ub and/or va ‖ vb. Since |ua| =
|ub| and |va| = |vb|, at least one of the following is true:
ua = ub; ua = −ub; va = vb; va = −vb. For the
case, ua = ub, it follows that va = vb since ua − ub =
va − vb (see (S38)). Consequently, the boundary of the
Miura parallelogram (up to rigid motion) is as depicted
in Fig. S1(i). This means that ησ(ω) = η. We also know
that η = ησ(0). Thus, due to the properties of ησ(ω), it
must be that ω = 0. Therefore ua = ub implies ω = 0.
Similarly, va = vb implies ω = 0. Now suppose ua =
−ub. It follows |ua| ≤ |va| and that the boundary of the
Miura parallelogram (up to rigid motion) is as depicted in
Fig. S1(iii) or (iv). We therefore have that ησ(ω) = ησ(pi)
in this case. Due to the properties of ησ(ω), we conclude
7that ω ∈ {±pi}. Therefore ua = −ub implies ω ∈ {±pi}.
The only case remaining is va = −vb and ua ∦ ub. This
case gives that the boundary of the Miura parallelogram
is (up to rigid motion) as depicted in Fig. S1(ii). Arguing
as before, we again deduce that ω ∈ {±pi}. This exhausts
all cases and completes the proof.
The degenerate cases. These are the cases where
ω = 0. We have two parameterizations to consider.
From Proposition D.1, ω = 0 implies ua = ub and va =
vb. Thus one way of solving for the group parameters
in this case is to set θ1 = 0. Consequently, a complete
parameterization of (S47) (and by equivalence (S37) with
θ1 = 0) is thus
θ1 = 0, ω = 0, e = ± x2 − x3|x2 − x3| ,
τ1 = ±|x2 − x3|, τ2 = (x3 − x4) · e,
z = (I−Rθ2 + e⊗ e)−1Pe(x2 −Rθ2x1),
for: θ2 ∈ (−pi, pi] \ {0}.
(S49)
Here, since ω = 0, yi = xi for all i = 1, 2, 3, 4. Also,
to obtain the inversion for z (compare the z equations in
(S47) to (S49)), we used the fact that z·e = 0 to introduce
e ⊗ e on the left-hand side in (S47). The quantity (I −
Rθ2 + e ⊗ e) is alway invertible for θ2 ∈ (−pi, pi] \ {0}.
Notice also that θ2 is a free parameter here and there is
a degeneracy in the choice of sign of e.
A second degenerate case is obtained by solving the pa-
rameterization (S39) for case ω = 0 and θ1 6= 0. We have
ua = ub and va = vb by Proposition D.1 for ω = 0. It fol-
lows from (S39) that, since θ1 cannot be zero, we require
ua = ub = τ2e in this case (i.e., we simply reverse the
“1” and “2” dependence in the parameterization (S49)).
The complete parameterization of this case is
θ2 = 0, ω = 0, e = ± x3 − x4|x3 − x4| ,
τ2 = ±|x3 − x4|, τ1 = (x2 − x3) · e,
z = (I−Rθ1 + e⊗ e)−1Pe(x2 −Rθ1x3),
for: θ1 ∈ (−pi, pi] \ {0}.
(S50)
Here, θ1 is a free parameter and there is again a degen-
eracy in the choice of sign of e.
The generic cases. These are cases for which ω ∈
(−pi, pi)\{0}. By Proposition D.1, the side length vectors
satisfy ua ∦ ub and va ∦ vb in these cases. Thus, the
parameterization of local compatibility cannot by as in
(S47). Instead, it must solve (S39) (and by equivalence
(S37) with θ1 6= 0). Notice that, in this parameterization,
Peva 6= Pevb and Peva 6= Pevb since ua 6= ub and
va 6= vb.
Thus, to introduce the parameterization, we first
choose a convenient coordinate system. Since ua ∦ ub,
we choose
f1 =
ua + ub
|ua + ub| , f2 =
ua × ub
|ua × ub| , f3 =
ua − ub
|ua − ub| ,
(S51)
and the complete parameterization for (S39) is
e ≡ eσ(ω, ϕ) = cϕf1 + sϕf2,
θ1 ≡ θσ1 (ω, ϕ) = sign(e · (ua × ub)) arccos
(ua ·Peub
|Peua|2
)
,
θ2 ≡ θσ2 (ω, ϕ) = sign(e · (va × vb)) arccos
(va ·Pevb
|Peva|2
)
,
τ1 ≡ τσ1 (ω, ϕ) = e · va, τ2 ≡ τσ2 (ω, ϕ) = e · ua,
z ≡ zσ(ω, ϕ) = (I−Rθ1 + e⊗ e)−1Pe(y2 −Rθ1y3),
for: ω ∈ (−pi, pi) \ {0}, ϕ ∈ (−pi, pi].
(S52)
(Note, there is a slight caveat to the parameterization
here. If e · (ua × ub) = 0, then we set θ1 = pi. Alterna-
tively, if e · (va × vb) = 0, we set θ2 = pi.)
The folded flat cases. We now set ω ∈ {±pi}. Fol-
lowing Proposition D.1, this parameterization is charac-
terized by cases (ii-v).
(Case (ii)). In this case, we need to satisfy the param-
eterization in (S39) under the assumption that ua ∦ ub
and va = −vb. Since ua − ub = va − vb, it follows that
τ1 = va · e = vb · e = 0 and θ2 = pi. The complete
parameterization is thus
e ≡ eσ(ϕ) = cϕf1 + sϕf2,
θ1 ≡ θσ1 (ϕ) = sign(e · (ua × ub)) arccos
(va ·Pevb
|Peva|2
)
,
θ2 = pi, τ1 = 0, τ2 ≡ τσ2 (ϕ) = e · ua,
z ≡ zσ(ϕ) = (I−Rθ1 + e⊗ e)−1Pe(y2 −Rθ1y3),
for: ϕ ∈ (−pi, pi] \ {0}
(S53)
(if ϕ = 0, then the parameterization is also as above
except that θ1 = pi).
(Case (iii).) In this case, we need to satisfy the param-
eterization in (S39) under the assumption that ua = −ub
and va ∦ vb. It follows that τ2 = ua · e = ub · e = 0,
and θ1 = pi. For the axis e, we introduce the coordinate
system
h1 =
va + vb
|va + vb| , h2 =
va × vb
|va × vb| , h3 =
va − vb
|va − vb|
(S54)
since va ∦ vb. The complete parameterization in this
case is thus
e ≡ eσ(ϕ) = cϕh1 + sϕh2,
θ2 ≡ θσ2 (ϕ) = sign(e · (va × vb)) arccos
(va ·Pevb
|Peva|2
)
,
θ1 = pi, τ1 ≡ τσ1 (ϕ) = e · va, τ2 = 0,
z ≡ zσ(ϕ) = (I−Rθ1 + e⊗ e)−1Pe(y2 −Rθ1y3),
for: ϕ ∈ (−pi, pi] \ {0}
(S55)
(if ϕ = 0, then the parameterization is also as above
except that θ2 = pi).
(Case (iv).) This case can only generate a ring struc-
ture which oscillates back and forth between the points
y1 and y2. It is therefore not relevant.
8(Case (v).) In this case, the complete parameterization
of (S39) is as in (S52) with ω ∈ {±pi}.
The discreteness conditions. For the first degener-
ate parameterization in (S49), the discreteness conditions
reduce to
θ2 =
2pi
q?
,
cos(η)
l
=
p?
q?
(S56)
for some p? ∈ Z and q? ∈ Z\{0}. Here, we recall the def-
initions of the parameters l and η (see Fig. 2 in the main
text). The second degenerate parameterization (S50) is
similar. The discreteness conditions reduce to
θ1 =
2pi
p?
, cos(η)l =
q?
p?
(S57)
for some p? ∈ Z \ {0} and q? ∈ Z in this case. Finally, in
the case of the parameterization in (S52), we first take
the axis angle ϕ ∈ (−pi/2, pi/2] without loss of gener-
ality (since (e, θ1,2, τ1,2) 7→ −(e, θ1,2, τ1,2) generates the
same structure). Then the first discreteness condition
p?τσ1 (ω, ϕ) + q
?τσ2 (ω, ϕ) = 0 is equivalent to
ϕ ≡ ϕσ? (ω) = arctan
(−f1 · (p?va + q?ua)
f2 · (p?va + q?ua)
)
(S58)
(with ϕ ≡ ϕσ? (ω) whenever ω ∈ (−pi, pi) \ {0} is such
that f2 · (p?va + q?ua) = 0). Consequently, the second
condition
p?θσ1 (ω, ϕ
σ
? (ω)) + q
?θσ2 (ω, ϕ
σ
? (ω)) = 2pi (S59)
can be easily evaluated by cycling through ω ∈ (−pi, pi) \
{0} numerically.
The discreteness conditions for the parameterization in
(S53) are solved analgously by taking ϕ = ϕσ? (pi) above,
and finding a (p?, q?) ∈ Z2 such that p?θ1(ϕ?(pi))+q?pi =
2pi. Also the discreteness conditions for the param-
eterization in (S55) are solved analogously by replac-
ing f1,2 with h1,2 in (S58), taking ϕ = ϕ?(pi) after
this replacement, and finding a (p?, q?) ∈ Z2 such that
p?pi + q?θσ2 (ϕ?(pi)) = 2pi. Notice that there are no free
parameters for the last condition. So these flattened con-
figurations are highly non-generic.
E. On the phase diagram for HMO
In the main text, we highlighted for illustrative pur-
poses two slices of the phase-space for HMO struc-
tures—specifically, the cases (p?, q?) = (3, 7) and = (8, 0)
at λ = 0.5 for the crease parameter—where we cycled
through the reference parameters (l, η) ∈ (0, 2) × (0, pi)
and σ ∈ {±} to determine all HMO solutions. We now
provide a more comprehensive view of the phase diagrams
for these discretenesses below in Fig. S2. This further
reinforces the notion that multistable regions are ubiqui-
tous to HMO structures.
F. The Kresling pattern
A common tubular structure made of an origami unit
cell is the Kresling pattern. These are the limiting cases
of HMO corresponding to the crease pattern parameter
λ→ 0 or → 1 (described in (i-iii) in the main text). For
the case of a ring-type Kresling pattern, Cai et. al. [S6]
derived the geometrical relation for this pattern as:
(
c
a
)2 =[
1
sin(pin )
sin(
pi
n
+ arcsin(
b
a
cos δ sin(
pi
n
)))]2
+(
b
a
sin δ)2, (S60)
where a = |y1−y4|, b = |y1−y2|, c = |y1−y3|, δ is the
angle between y3 − y4 and the horizontal polygon, and
n is the number of elements in a horizontal role (see Fig.
S3(b)). The function
f(δ) =[
1
sin(pin )
sin(
pi
n
+ arcsin(
b
a
cos δ sin(
pi
n
)))]2
+(
b
a
sin δ)2 − ( c
a
)2 (S61)
has 0, 1, or 2 roots for δ ∈ [0, pi/2] depending on pa-
rameters b/a, c/a, n (see, for instance, the examples in
Fig. S3(a)). This implies that the Kresling pattern is
either inaccessible, monostable, or bistable. For the spe-
cial Kresling pattern that gives the maximal transform-
ing extension with n = 8 (Fig. 7(d) in the main text),
the equation (S60) holds for both δ = 0 and δ = pi/2,
i.e., this particular Kresling pattern is stable when the
unit cell is fully unfolded or fully folded. In substituting
δ = 0, pi/2 and then subtracting the equations, we have
[
1
sin(pin )
sin(
pi
n
+ arcsin(
b
a
sin(
pi
n
)))]2 = (
b
a
)2 + 1, (S62)
which has a solution for the geometric parameters
( ba ,
c
a ) = (2.414, 2.613) when n = 8. This corresponds
exactly to the reference parameters (l, η) = (|x1 −
x4|,∠x4x1x2) = (0.414, pi/2) since b = |y2 − y1| = 1
has been assumed throughout.
G. On compatibility for the coexistence of two
phases
Though we already have the design equations for the
HMO, it is not obvious that different phases can fit to-
gether and remain cylindrical. Here, we derive the com-
patibility conditions for the co-existence of two phases.
Local compatibility for the two phases (i.e., (S37)) is
certainly necessary. Thus, we consider two locally com-
patible origami structures generated by the same under-
lying tessellation: Gˇyσˇωˇ(Ω) = {gˇp1 gˇq2(yσˇωˇ(Ω)) : (p, q) ∈ Z2}
and Gˆyσˆωˆ(Ω) = {gˆp1 gˆq2(yσˆωˆ(Ω)) : (p, q) ∈ Z2}, where gˇi (re-
spectively, gˆi) have group parameters as in (S52) with
(ω, ϕ, σ) = (ωˇ, ϕˇ, σˇ) (respectively, (ω, ϕ, σ) = (ωˆ, ϕˆ, σˆ))
9# Sol.
4
3
2
1
0
(a) (b)
(p?, q?, , ) = (3, 7, 0.5, )(p?, q?, , ) = (3, 7, 0.5,+)
(p?, q?, , ) = (3, 7, 0.2,+) (p?, q?, , ) = (3, 7, 0.2, )
(p?, q?, , ) = (3, 7, 0.8, )(p?, q?, , ) = (3, 7, 0.8,+) (p?, q?, , ) = (8, 0, 0.8,+) (p?, q?, , ) = (8, 0, 0.8, )
(p?, q?, , ) = (8, 0, 0.5, )(p?, q?, , ) = (8, 0, 0.5,+)
(p?, q?, , ) = (8, 0, 0.2,+) (p?, q?, , ) = (8, 0, 0.2, )
FIG. S2. The phase space for HMO structures for (p?, q?) = (3, 7) in (a) and (p?, q?) = (8, 0) in (b). The slices of the
phase space are given at crease parameter λ = 0.2, 0.5, 0.8, resepctively. There are two slices per discreteness, since there are
two possible mountain-valley assignments σ ∈ {±}. The number of HMO solutions for a fixed mountain-valley assignment is
displayed according to the indicated coloring scheme: 0 (purple), 1 (light blue), 2 (green), 3 (orange) and 4 (red). The yellow
curve denotes the degenerate line for which the solutions correspond to ω = 0 and one of the parameterizations in (S49-S50).
This curve is independent of λ.
on the domain (−pi, pi) \ {0} × (−pi/2, pi/2] × {±}. We
claim that the necessary and sufficient conditions for
a closed cylindrical origami of these (potentially) two
phases are:
τ σˇ1 (ωˇ, ϕˇ) = τ
σˆ
1 (ωˆ, ϕˆ),
θσˇ1 (ωˇ, ϕˇ) = θ
σˆ
1 (ωˆ, ϕˆ),
p?τ σˇ1 (ωˇ, ϕˇ) + q˜τ
σˇ
2 (ωˇ, ϕˇ) + (q
? − q˜)τ σˆ2 (ωˆ, ϕˆ) = 0,
p?θσˇ1 (ωˇ, ϕˇ) + q˜θ
σˇ
2 (ωˇ, ϕˇ) + (q
? − q˜)θσˆ2 (ωˆ, ϕˆ) = 2pi,
(S63)
for some p?, q˜, q? ∈ Z with |q˜| ≤ |q?| and q?q˜ ≥ 0, or
we can also exchange the roles of (·)2 and (·)1 above to
generate the cylindrical origami. We focus on the system
in (S63) without loss of generality.
We justify this claim through a series of propositions.
The first proposition gives that, if the first two identi-
ties hold in the (S63), then the radius of the cylinders
generated by the two phases are the same. To make this
precise, note that the radiuses of the cylinders are
rˇ = |Peˇ(yˇ3 − zˇ)|, rˆ = |Peˆ(yˆ3 − zˆ)| (S64)
where eˆ ≡ eσˆ(ωˆ, ϕˆ), etc., from (S52). We establish the
following result:
Proposition G.1. If τˇ1 ≡ τ σˇ1 (ωˇ, ϕˇ) = τ σˆ1 (ωˆ, ϕˆ) ≡ τˆ1 and
θˇ1 ≡ θσˇ1 (ωˇ, ϕˇ) = θσˆ1 (ωˆ, ϕˆ) ≡ τˆ1, then rˇ = rˆ.
Proof. We calculate rˇ first. By substituting the formula
of zˇ ≡ zσˇ(ωˇ, ϕˇ) into the radius equation, we obtain
rˇ =|Peˇ(yˇ3 − (I− Rˇθˇ1 + eˇ⊗ eˇ)−1Peˇ(yˇ2 − Rˇθˇ1 yˇ3))|
=|(I− Rˇθˇ1 + eˇ⊗ eˇ)−1Peˇ((I− Rˇθˇ1)yˇ3 − (yˇ2 − Rˇθˇ1 yˇ3)|
=|(I− Rˇθˇ1 + eˇ⊗ eˇ)−1(yˇ2 − yˇ3 − τˇ1eˇ)|
=
√|x3 − x2|2 − (τˇ1)2
|2 sin(θˇ1/2)|
. (S65)
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1.2
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1.6
f
( 
)
(2.414,2.613)
0.0 0.1 0.2 0.3 0.4 0.5
  (⇡)
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 2.0
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 1.0
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( 
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c
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 
(a) (b)
(c) (d)
Fully folded state
Non-folded state
FIG. S3. (a) The equation f(δ) = 0 has 2, 1 and 0 root respec-
tively when ( b
a
, c
a
) = (2.5, 2.966), (1.5, 2), (1.5, 2.5) and n = 8.
(b) The geometry of unit cell of Kresling pattern and an ex-
ample of bistable Kresling pattern with ( b
a
, c
a
) = (2.5, 2.966).
(c) The equation f(δ) = 0 has two roots δ = 0, pi/2 with
( b
a
, c
a
) = (2.414, 2.613) (the special Kresling pattern) and
n = 8. (d) The non-folded state and fully folded state of
the special Kresling pattern.
Here, the first equality is by definition, the second uses
commutativity of the transformations, and the third fol-
lows from the substitution τˇ1 = eˇ · (yˇ2 − yˇ3). Finally,
since yˇ2 − yˇ3 − τˇ1eˇ is on the plane perpendicular to eˇ,
we derive that
(I− Rˇθˇ1 + eˇ⊗ eˇ)−1(yˇ2 − yˇ3 − τˇ1eˇ)
= (2 sin(θˇ1/2))
−1Rˇ 1
2 (pi−θˇ1)
(yˇ2 − yˇ3 − τˇ1eˇ), (S66)
by an explicit calculation. The final identity in (S65)
then easily follows. Analogously, the radius of the other
phase is
rˆ =
√|x3 − x2|2 − (τˆ1)2
|2 sin(θˆ1/2)|
. (S67)
Thus, θˇ1 = θˆ1 and τˇ1 = τˆ1 gives rˇ = rˆ.
Remark G.1. If rˇ = rˆ, then actually |Peˇ(gˇp1 gˇq2(yˇ3) −
zˇ)| = |Peˆ(gˆp1 gˆq2(yˆ3)− zˆ)| > 0 for all p, q ∈ Z.
Proof. It is easy to see that rˇ = |Peˇ(gˇp1 gˇq2(yˇ3) − zˇ)| and
rˆ = |Peˆ(gˆp1 gˆq2(yˆ3) − zˆ)| for all p, q ∈ Z. So the equality
follows. The inequality also holds. For otherwise, given
(S37), this would imply that all the corner points of a
partially folded Miura parallelogram lie on the line {zˇ +
λeˇ : λ ∈ R} or {zˆ + λeˆ : λ ∈ R}, respectively. This is
impossible given Proposition ??.
Proposition G.2. Fix some xˇ = gˇq2(yˇ3) and xˆ = gˆ
q
2(yˆ3)
for q ∈ Z. There exists a rotation R ∈ SO(3) and trans-
lation t ∈ R3 such that
Rgˇp1(xˇ) + t = gˆ
p
1(xˆ) for all p ∈ Z (S68)
if and only if τˇ1 ≡ τ σˇ1 (ωˇ, ϕˇ) = τ σˆ1 (ωˆ, ϕˆ) ≡ τˆ1 and θˇ1 ≡
θσˇ1 (ωˇ, ϕˇ) = θ
σˆ
1 (ωˆ, ϕˆ) ≡ τˆ1.
Proof. We first note that, by a general result elucidated
in [? ], the only types of compatible interfaces in helical
structures that do not involve a fixed radius of the two
phases are vertical interfaces. A vertical interface implies
that va ‖ vb ‖ e or ua ‖ ub ‖ e. Due to Proposition ??,
this is not possible for the locally compatible parameter-
izations we are considering in this framework since we
assume ω ∈ (−pi, pi) \ {0}, i.e., a partially folded config-
uration. We therefore have the necessary condition that
rˆ = rˇ.
Let us assume that the parameters of the two phases
are such that rˇ = rˆ. By the multiplication rule of gener-
ators, we have
gˇp1(xˇ) = Rˇpθˇ1(xˇ− zˇ) + pτˇ1eˇ + zˇ,
gˆp1(xˆ) = Rˆpθˆ1(xˆ− zˆ) + pτˆ1eˆ + zˆ.
(S69)
Let Reˇ×eˆ be a rotation about eˇ×eˆ satisfying Reˇ×eˆeˇ = eˆ.
Since rˇ = |Peˇ(xˇ − zˇ)| = |Peˆ(xˆ − zˆ)| = rˆ (Remark G.1),
there exits Reˆ ∈ SO(3), Reˆeˆ = eˆ and ρ ∈ R such that
xˆ− zˆ = ReˆReˇ×eˆ(xˇ− zˇ) + ρeˆ. (S70)
Let R¯ = ReˆReˇ×eˆ ∈ SO(3) and t¯ = zˆ − ReˆReˇ×eˆzˇ +
ρeˆ. Using the identity Rˆpθˇ1ReˆReˇ×eˆ = ReˆReˇ×eˆRˇpθˇ1 and
(S70), we obtain
R¯gˇp1(xˇ) + t¯ = ReˆReˇ×eˆ
(
Rˇpθˇ1(xˇ− zˇ) + pτˇ1eˇ + zˇ
)
+ t¯
= Rˆpθˇ1ReˆReˇ×eˆ(xˇ− zˇ) + pτˆ1eˆ + zˆ + ρeˆ
= Rˆpθˇ1(xˆ− zˆ) + pτˇ1eˆ + zˆ.
(S71)
Since rˆ = rˇ is necessary for the parameterization herein,
the statement (S68) is evidently equivalent to
Q
(
R¯gˇp1(x) + t¯
)
+ Qc = gˆp1(x) (S72)
for some Q ∈ SO(3) and c ∈ R3 and for all p ∈ Z. By
taking the norm of both sides, we deduce that c satisfies
c =
(
Rˆpθˆ1 − Rˆpθˇ1
)
(xˆ− zˆ) + p(τˆ1 − τˇ1)eˆ. (S73)
But also, c has to be independent of p ∈ Z. Notice
that c · eˆ = p(τˆ1 − τˇ1). Thus for the p-independence,
we conclude that τˆ1 = τˇ1. Now notice that p = 0 gives
c = 0. Thus again for p−independence, we must have
Rpθˆ1(xˆ − zˆ) = Rˆpθˇ1(xˆ − zˆ) for all p ∈ Z. Since |Peˆ(xˆ −
zˆ)| > 0 (Remark G.1), the latter is solved if and only
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x2
q˜ = 5
p? =  10
tp
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1 t
q?
2 (x3)
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y(T ?⌦)
FIG. S4. Co-existence of two phases along helical interfaces:
The reference tessellated strip has a width of q? = 8 unit cells.
The width of q˜ = 5 cells deforms by the (ˇ·) phase, and the
width of q?− q˜ = 3 cells deforms by the (ˆ·) phase, as indicated
by the differences in color. The deformation y : T ?Ω → R3
that achieves the cylindrical tube (bottom) maps the point
x3 to the point t
p?
1 t
q?
2 (x3), and this closes the cylinder. The
notation here is as established in Section G.
if θˇ1 = θˆ1. Consequently, necessary conditions for (S70)
are rˇ = rˆ, τˇ1 = τˆ1 and θˇ1 = θˆ1.
By Proposition G.1, τˇ1 = τˆ1 and θˇ1 = θˆ1 gives rˇ =
rˆ. This means that the formula in (S71) is valid with
the substitution τˇ1 = τˆ1 and θˇ1 = θˆ1. In making this
substitution, we conclude
R¯gˇp1(xˇ) + t¯ = gˆ
p
1(xˆ) (S74)
for all p ∈ Z. Hence, R¯ and t¯ are the rotation and
translation, respectively, that yields (S70).
Remark G.2. Proposition G.1 and G.2 are also true if
we exchange the roles of (·)1 and (·)2.
We are now able to justify the formula in (S63). First
note, the case of a horizontal interface is q˜ = q? = 0, and
this is treated completely in the main text of the paper.
Therefore, we focus on the justification in the case of a
helical interface. That is, we assume q? > q˜ > 0. By
Proposition G.2, we have
Rq˜ gˇ
p
1 gˇ
q˜
2(yˇ3) + tq˜ = gˆ
p
1 gˆ
q˜
2(yˆ3) (S75)
for all p ∈ Z if and only if τˇ1 = τˆ1 and θˇ1 = θˆ1. We
therefore introduce the tessellated strip (for instance, see
Fig. S4) T ?Ω = {tp1tq2(Ω): p ∈ Z, q ∈ {1, . . . , q?}} for
t1 = (I|x1 − x4) and t2 = (I|x2 − x1). As a consequence
of the identity (S75), the map y : T ?Ω→ R3 defined by
y(tp1t
q
2(x))
=
{
gˇp1 gˇ
q
2(y
σˇ
ωˇ(x)) p ∈ Z, q ∈ {1, . . . , q˜}
R¯T
(
gˆp1 gˆ
q
2(y
σˆ
ωˆ(x))− t¯
)
p ∈ Z, q ∈ {q˜ + 1, . . . , q?}
(S76)
is a continuous isometric origami deformation of the tes-
sellated strip T ?Ω if and only if τˇ1 = τˆ1 and θˇ1 = θˆ1.
It remains to enforce the condition that the cylinder
closes. In this direction, we note that a vertex x3 is on
the bottom boundary of tessellation and is deformed via
yˇ3 = g
0
1g
1
2(yˇ4). Similarly, the vertices t
p
1t
q?
2 (x3) are on
the top boundary of the tessellation and are deformed
by R¯T
(
gˆp1 gˆ
q?
2 (yˆ3) − t¯
)
for p ∈ Z (see Fig. S4). The clo-
sure condition is equivalent to specifying that one ver-
tex on the top boundary is equal to yˇ3 since the rest of
the cylinder will close due to the underlying symmetry.
Consequently, continuity and the closure condition are
equivalent to
yˇ3 = R¯
T
(
gˆp
?
1 gˆ
q?
2 (yˆ3)− t¯
)
for some p? ∈ Z,
τ σˇ1 (ωˇ, ϕˇ) = τ
σˆ
1 (ωˆ, ϕˆ),
θσˇ1 (ωˇ, ϕˇ) = θ
σˆ
1 (ωˆ, ϕˆ).
(S77)
in this setting.
This reduces, in a suitable way, to the formula in (S63).
Indeed, we first observe that the rotation R¯ and transla-
tion t¯ satisfy
t¯ = zˆ− R¯zˇ + ρeˆ
R¯
(
gˇq˜2(yˇ3)− zˇ
)
= gˆq˜2(yˆ3)− zˆ− ρeˆ
(S78)
for some ρ ∈ R in light of Proposition G.2 (and, in par-
ticular, the equation (S70) in this proposition). Thus,
gˆp
?
1 gˆ
q?
2 (yˆ3)− t¯
= gˆp
?
1 gˆ
q?−q˜
2 (gˆ
q˜
2(yˆ3))− t¯
= Rˆp?θˆ1+(q?−q˜)θˆ2(gˆ
q˜
2(yˆ3)− zˆ− ρeˆ)
+ (p?τˆ1 + (q
? − q˜)τˆ2)eˆ + R¯zˇ
= Rˆp?θˆ1+(q?−q˜)θˆ2R¯
(
gˇq˜2(yˇ3)− zˇ
)
+ (p?τˆ1 + (q
? − q˜)τˆ2)eˆ + R¯zˇ.
(S79)
We then combine this observation with the fact that
R¯T Rˆp?θˆ1+(q?−q˜)θˆ2R¯ = Rˇp?θˆ1+(q?−q˜)θˆ2 and R¯
T eˆ = eˇ to
obtain
R¯T
(
gˆp
?
1 gˆ
q?
2 (yˆ3)− t¯
)
− zˆ
= Rˇp?θˆ1+(q?−q˜)θˆ2
(
gˇq˜2(yˇ3)− zˇ
)
+ (p?τˆ1 + (q
? − q˜)τˆ2)eˇ
= Rˇp?θˆ1+(q?−q˜)θˆ2+q˜θˇ2
(
yˇ3 − zˇ
)
+ (p?τˆ1 + (q
? − q˜)τˆ2 + q˜τˇ2)eˇ.
(S80)
Consequently, the formula in (S77) is equivalent to
τ σˇ1 (ωˇ, ϕˇ) = τ
σˆ
1 (ωˆ, ϕˆ), θ
σˇ
1 (ωˇ, ϕˇ) = θ
σˆ
1 (ωˆ, ϕˆ) and
yˇ3 − zˇ = Rˇp?θˆ1+(q?−q˜)θˆ2+q˜θˇ2
(
yˇ3 − zˇ
)
+ (p?τˆ1 + (q
? − q˜)τˆ2 + q˜τˇ2)eˇ.
(S81)
By dotting this with eˇ, we obviously require p?τˆ1 + (q
?−
q˜)τˆ2 + q˜τˇ2 = 0. As |Peˇ(yˇ3 − zˇ)| > 0, we evidently also
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require that Rˇp?θˆ1+(q?−q˜)θˆ2+q˜θˇ2 = I. In order to guar-
antee that the structure wraps around exactly once be-
fore closing (i.e., it is invertible), the latter demands that
p?θˆ1 +(q
?− q˜)θˆ2 + q˜θˇ2 ∈ {±2pi}. These two condition are
also sufficient to solve (S81); thus yielding the indentity
(S77).
To relate this characterization exactly to (S63), we
recall the assumption q? > q˜ > 0 at the start of
this analysis. Thus, if we find a p? ∈ Z such that
p?θˆ1 + (q
? − q˜)θˆ2 + q˜θˇ2 = −2pi, we can always make the
transformation (p?, q˜, q?) 7→ −(p?, q˜, q?) to yield exactly
(S63), which thus justifies the formula. Finally, it is clear
by symmetry that we can exchange the roles of (·)1 and
(·)2 in all the of the result above (see Remark G.2), and
thus justify another compatibility condition akin to (S63)
with the roles of (·)1 and (·)2 exchanged.
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